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PREFACE. 



The preceding editions of this work vere published in 1830, 
1832, 1835, and 1840. Thie fifth edition differs firom tiie 
three preceding, as to the body of the work, in nothing 
which need prevent the foor, or any two of them, &om 
being naed together in a class. But it is considerably ang- 
mented by the addition of eleven new Appendixes,* relating 
to matters on which it is most desirable that the advanced 
student should possess information. The first Appendix, on 
Computation, and the sixth, on Decimal Money, should be 
read and practised by every student with as much attention 
as any part of the work. The mastery of the rules for in- 
stantaneons conversion of the usual fractions of a ponnd 
sterling into decimal fractions, gives the possessor the greater 
part of the advantage which he would derive firom the intro- 
dnctiou of a deciioal coinage. 

At the time when this work was first published, the 
importance of establishing arithmetic in the yonng mind 
upon reason and demonstration, was not admitted by many. 
The case is now altered: schools exist in which rational 

* Some separate eoplea of these Appendixes ftre printed, fbi thoaa 
vho msT desiie te add them to the former editions. 
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aritlimetic u tsnglit:, and mere mlea are mode to do uo more 
dun iheir proper duly, Tliefe is no neceBsity to advocate 
a change which is actnally in progress, as the vorka whicli 
are published erery day snffidently shew. And my principal 
reason for alluding to the subject here, is merdy to worn 
those who want nothing hut rontine, that this is not the 
book for their purpose. 

A. De Morgan. 
LtmdoH, Mtaf 1, 1MB. 
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ELEMENTS OF ARITHMETIC. 



BOOK I. 

PRINCIPLES OF ARITHMETIC. 



SECTION 1 



1. Ihaoinb b mulUtude of objects of the lame kind auembled 
together; for example, a company of honemen. One of the Gnt 
things that moet sliike a spectator, although unused to countiog, is, 
that to each man there is a hone. Nov, though men and horses are 
things perfectly unlike, yet, because there is one of the firat Mrid to 
every one of the second, one man to erery horse, a nev notion vill be 
formed in the mind of the obserrer, which ire express in words by 
■Hying that there is the same nutnier of men as of horses. A savage, 
vho had DO otber way of counting, might remember this number bj 
taking a pebble for each man. Out of a method aa nide as this has 
sprung our system of calculation, by the steps which are pointed out in 
the following artdelea. Suppose that there are two companies of horse- 
men, and a person wishes to know in which of them is the greater 
number, and also to be able to recollect how raany there are in each. 

S. Suppose that wbQe the first company passes by, he drops a pebble 
iuto a basket for each man whom he sees. There is no connexion 
between the pebbles and the horsemen but this, that for every horseman 
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r AEITBMBTIC. § 1-4, 

there ii a pebble; that ig, in common language, the numi^r ofpebblea 
>nd of horeemen ia the asme. Suppose that while the second company 
piuBes, he drops a pebble for each man into a secand basket' he will 
then have two basketa of pebbles, by which he will be able to convey 
to any other person a notion of how many horsemen there were in 
each company. When he wishes to know which company was the 
larger, 01 contained most horsemen, he will take a pebble out of each 
basket, and put them aside. He will go on doing this aa often as he 
can. that is, unli! one of the baskets is emptied. Then, if he also find 
the other basket empty, he says that both companies contained the same 
number of borseEaea ; if the second basket still contain some pebbles, 
he can tell by them how many more were in the second than in the 

3. In this way a savage could keep an account of any nnmbers in 
which he was interested. He could thus register his children, his cattle, 
or the number of summen and winters which he had seen, hy means 
of pebbles, oi any other small objects which could be got in large 
numbers Something of this sort is the practice of savage nations at 
this day, and it has in some places lasted even after the invention of 
better methods of reckoning. At Rome, in the time of the repubUc, 
the prtetor, one of the magistrates, used to go every year in great pomp, 
and drive a oail into the door of the temple of Jupiter; a way of 
remembering the number of years which the city had been built, which 
probably took its rise befbte the introduction of writing. 

4. In process of time, names would be given to those collections of 
pebbles which are met with most frequently. But as long as small 
numbers only were required, the most convenient way of reckoning 
theni would be by means of the fingers. Any perwm could make with 
his two bands the little calculations which would be necessar; for his 
purposes, and would name all the difierent collections of the Gngeni. 
He wonld thus get words in his own language answering to one, two, 
three, (bur, five, six, seven, ^bt, nine, and ten. As his wants in- 
creased, be would find it necessaiT to give names to Uiger numbers; 
but here he would be stopped by the immense quantity of words wbicb 
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be must hare, in order to express all the nmnbera irhich he irould be 
obliged to make use oC He must, then, after ^ving a separate nsjne 
to a few or the Erst numben, manage to expiets all other aumben by 
meam of those names. 

5. I now shew hovr this has been done in our ovn language. The 
English names of numbers bare been fanned finm the Saion : and in 
the following table eacb number after ten ta wntten down in one 
colimin, while another shews HA connexion with those which have pre- 
ceded it. 



twelve 


ten and two 


tbirteeD 


ten and three 


fburteen 


ten and four 


fifteen 


ten and fire 



thirtj three te 
&c &c. 

forty four ten 



eighteen ten and 


eignt 




nine 


twenty two len< 




fifty 


five tens 


sixty 


six tens 


seventy 


seven lens 


eighty 


eight tens 


runety 


nine tens 


a hundred 


ten lens 



a thousand 
ten thousand 



ipposed Ihst tltwtt uid twilvt are derived flrom (he Saxon for tne 
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a hundred thouBand 

a million ten hundred tliausaod 

or one thouBand thoiuand 

a hundred mllliona 
it. 
6. Worda, written down in ordinary language, would rery Boon be 
too long fbi Euch continual lepeUtfon aa lakes place in calcuUtioo. 
Short ligna would then be cubstituted for words ; but it would be im- 
posuble to have a distinct ugn for every number : so that when some 
few signs had been choaeu, it would be convenient to invent others 
tbr the rest out of those already made. The signs which we use are 
as follow: 



nought one two three four five six seven eight nine 

I now proceed to eiplain the way !n which these ligns are made to 
represent other numbeis. 

7. Suppose a man first to hold up one finger, then two, and >o 
on, until he hna held up every finger, and suppose a number of men 
to do the same thing. It is plain that we may thus distinguish one 
number lh>m another, by causing two different seta of persons to hold 
up each a certain number of fingers, and that we may do this in many 
different ways. For example, the number Gfleen might be indicated 
either by fifteen men each holding up one finger, or by four men each 
holding up two fingers and a fifth holding up seven, and so on. The 
question is. of all these contrivances for expressing the number, which 
is the most convenient ? In the choice which is made fer this purpose 
censislB what is called (he method of nmn^ralum. 

6. I have used the foregoing explanation because it is very probable 
that our system of numeralion, and almost every other which is used 
in the vrorld, sprung from the practice of reckoning on the fingers, 
which children usually follow when £[st they begin to count. The 
method which I have described is the rudest possible ; but, by a Uttle 
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Blteration, a srstem may be farmed nhlch vill enable lu to expresa 
eaormoug numben with great ease. 

9. Suppose that jou nre going to count »omB large number, for 
ewmple, to measure a number of yarde of cloth. Opposite to youreelf 
nippoee a man to be plarnil, who keeps his eye upon you, and holda up 
a finger for every yard whici he sees you measure. When ten yards 
haie been meoaured he will have held up [en lingera, and will not be 
able to count any further unless he begin again, holding up one finger at 
the eleyenth yard, two at the twelfth, and so on. But to know how 
many have been counted, yuu must know, not only bow many fingers 
he holda up, but also how many times he has begun again. You may 
keep this in riew by placing another man on the right of the former, 
who directs hia eye towards his companion, and holds up one finger the 
moment he perceives him ready to begin again, that is, as soon as ten 
yards have been measured. Each finger of the first man stuids only for 
one yard, hut each finger of the second stands tor as many as all the 
fingers of the first together, that is, for l«n. In this way a hundred 
may be counted, because the first may now reckon his tan fingen once 
for each finger of the second man, that is, ten times in all, and ten tens 
is one hundred (5).* Now place a third man at the right of the second, 
who shall hold up a finger wheneier he perceives the second ready to 
begin again. One finger of the third man counts as many as all the 
ten fingers of the second, that is, counts one hundred. In this way we 
may proceed until the third has all his fingers extended, which will 
signtly that ten hundred or one thousand have been counted (6). A 
fourth man would enable us to count as &i as ten thousand, a fiflh 
aa far as' one hundred thousand, a sixth as &x as a million, and so 

10. Each new person placed himself towards your lett in the rank 
opposite to yotu Now rule columns as in the neit page, and to the 
right of them all place in words the number which you wish to repre- 
sent ; in the first column on the right, place the number of fingers 

• The rcfenncei are Id the pncedlog aitlclei. 
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6 FStNCtFLBS or ABITHHBTIC. § lo-ll. 

which the fint man will be holding up vben that number otyariM baa 
been mesiured. In the next column, plitce the Sngen wbicb the lecood 
man will then be holdii^ up ) and so on. 



fiftj-Kven. 

idred and four, 
one bundled and ten. 

tbouund three hundred a 



5 7 
104 

15906 

187004. 



eight, 
fifteen thouBSJid ni 



three million, di hundred and ninety- 
■even thousand, tno himdred. and 
eighty-five. 



11. In I. the number Gftj-aeven is eipreaaed. This means (fi) five 
tern and eevea. The fiist has therefore coonted all his fingen five 
timea, and has counted seven fingers more. This is shewn by five 
fingers of the second man being held up, and seven of the first. In II. 
the number one hundred and four is repieeented. This number is (6) 
ten tens and four. The second person has therefore jnst reckoned all 
his fingers once, which is denoted by the third person holdir^ up one 
finger; but he has not yet begun again, because he does not hold up 
a finger until the first has counted ten, of which ten only four ore 
completed. When all the last-mentioned ten have been counted, he 
then holds up one finger, and the first being ready Co begin again, has 
no fingers extended, and the number obtained is eleven tens, or ten 
tens and one ten, or one hundred and ten. This is the case in III. 
You will now find no difficulty with the other numbers in the table. 

IS. In all these numbers a figure in the tint column stands for 
only as many yards as are written imder that figure in (6). A figure 
in the second column stands, not fbr as many yards, but for an man; 
tens of yards ; a figure in the third column stands for as many hundreds 
of yards ; in the fourth column for as many thousands of yards ; and >o 
on ; that ia, if we suppose a figure to move &om any column to the one 
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on ita left, it slanda for tea times aa many yards si before B«collect 
this, and you ma; cease to draw the lines between the colnnms, be- 
cause each figure will be sufficiently well known by llie place in which 
it is; that is, by the number of figures which come upon the r^^t hand 
of it. 

13. It is important lo recolloct that this way of writing numbers, 
which has become so familiar as lo seem the nalaral method, is not 
more itatural than any other. For example, we might agree to signify 
one tea by the Sgaie of one with an accent, thus, i' ; twenty or two 
tens hy z'; and so on: one hundred or ten tens by i"; two hundred 
by l" ; one Ihonsaad by i"' ; and so on : putting Roman figures for 
accents when they become too many to write with conteaience. The 
fourth number in the table would then he written i'" ]" 4' 8, which 
might alio be expressed by ! 4.' 3" 1"', 4' 8 3" 1™ ; ot the order of the 
ligures might be changed in any way, because their meaning depends 
upon the accents which are attached to them, and not upon the place 
in which they stand. Rence, a cipher would never be necessary ; for 
104 would be distinguished ftom 14 by writing fbr the first ■"f, and for 
the second i'4. The common method is preferred, not because it is 
more exact than this, but because it is more simple. 

It. The distinction between our method of numeration and that 
of the ancients, is in the meaning of each figure depending partly upon 
the place ia which it stands. Thus, in ll^^4^ each four stands for four 
ofnmiethiaff; but in the first column on the right it signifies only four 
of the pebbles which are counted ; in the second, it means four col- 
lections of ten pebbles each ; in the third, ibur of one himdred each ; 

IS, The things measured in (11) were vards of cloth. In this case 
one yard of cloth is called the unit. The first figure on the right is 
said to be in the unita" place, because it only stands for so many units 
as are in the number that is written under it in (6). The second 
figure ia said to be in the itm' place, because it stands for a number 
of t«ns of nnits. The third, fourth, and fifth figures are in the places 
tfthe htmdredt, Ihouiaruit, and ten* <ifi>umiandt,toin similar reason. 
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g 16- >9. 

16. If the quantity measured had been screi of land, on acre of 
land would have been called the untf, for the unit ia orw of the things 
which Hie meaiuied. Quantities are of two aorta ; thoae which contain 
an eiaot number of units, as 47 yards, and those which do not, as 4.7 
Tarda and a halC Of these, for the present, we only consider the first. 

17. In meat parts of arithmetic, all quantities must have the same 
unit. You cannot say that i yards and 3 feet make 5 yards or s Ael, 
because x and 3 make 5 \ yet you may say that i yardi and 3 s/ardt 
make 5 ganU, and that 2 feel and 3 feel make 5 feel. It would be 
abauid to try to measure a quEutity of one kind with a unit which ia a 
quantity of another kind ; for eiample, to attempt to tell how man^ 
yards there are in a gallon, or how many bushels of com there are in a 
barrel of wine. 

1 6. All things which are true of some numbers of one unit are true 
of the aaice numbera of any other unit. Thus, 15 pebbles hnd 7 pebbles 
together make zi pebbles ; 15 acres and 7 acres together make ii acrea, 
and BO on. From this we come to say that 15 and 7 make iz, meaning 
that ij things of the same kind, and 7 more of the same kind as the 
first, together make iz of that kind, whether the kind mentioned be 
pebbles, horsemen, acres of land, or any other. For these it is but 
necessary to say, once for all, that 15 and 7 make 11. Therefore, in 
iuture, on this part of the subject I shall cease to talk of any particular 
unite, such as pebbles or acres, and speak of numbers only. A number, 
considered without intending to allude to any particular things, is called 
an abilmct number ; and it then merely signifies repetitions of a unit, 
or the number of lima a unit is repeated. 

19. I will now repeat the principal things which have been meit 
tioned in this chapter. 

I. Ten signs are used, one to stand for nothing, the rest for the 
first nine numbers. They are o, i, 1, 3, 4, 5, 6, 7, g, 9. The first of 
these is called a cipher. 

II. Higher uumbers have not ugns for themselves, but are signified 
by placing the signs already mentioned by the side of each other, and 
agreeing thai file first figure on the right hand shall keep the value 
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which it has vhen it Btands alone ; that the aecond on the light- bud 
Hhall mean ten times at many a» it doe* when it stands alone 1 that the 
third Ggure shall mean one hundred times aa many ai it doea whoi it 
Htanda alone ; the fourth, one thousand times bm tnaaj ; and bo On. 

]II. The right-hand figure ia said to be in the unit*' piact, the 
next to that in the tern' plaet, the tiiinl in the hundredt' plaet, and 

IV. When a number a itself an exact number of tens, hundreds, 
or thousands, &c., as maa; ciphers must be placed □□ ttie right of it as 
will bring the number into the place which is intended for it. The 
following are examples ; 

Filty, or five tens, 50 ; seven hundred, 700, 
Five hundred and twentj-eight thousand, 51S000. 

If it were not tbr the cipbers« these numbers would be mistaken far 

S, 7, and J 18. 

V. A cipher in the middle of a number becomes Dccessajy when an; 
one of the denominations, units, tens, &c is wanting. Thus, twentj 
thousand and six is 20006, two hundred and six la za6. Ciphcn might 
be placed at the beginning of a i^umber, but they would have no 
meaning. Thus 026 is the some as 26, since the cipher merely shen-s 
that there ore do hundreds, which is evident &om the number itselJl 

20. If we take out of a number, as 16785, an? of those figures which 
came together, as £7, and ask, what doea this sixty-seven meonF of 
what is it sixty-seven ? the answer is, SLxtj-seven of the same collections 
as the 7, when it was in the number; that is, 67 hundieds. For the 
6 is 6 thousands, or 6 ten bundreda, or sixty hundreds; which, with 
the 7, or 7 hundreds, is 67 hundieds : similarly, the 67S is 678 ten*. 
This number may then be expressed either as 

I ten-thousand 6 thousands 7 hundreds 8 tens and 5 ; 
or 16 thousands 78 tens and 5 ; or 1 ten thousand 678 tens and 5 ; 
or 167 hundreds 8 tens and 5 ; or 1678 tens and 5. and so on, 

I. Write down the sign* for ;■— four hundred and seTentj-aii ; two 
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EhouBBnd and ninetf-eeien ; gLitT-fDur thouaond three hundred and 
Gftj I two milUoDi seven hundred and (oai ; die hundred and Berentf- 
eight milliona of milHani. 

II. Write at full length 53, 1805, 1830, 66707, 1K0917314, 667i37»i, 
90976390, 25000000. 

III. What alteration takes place In a numbei made up entlTely of 
ninea, such as 99999, by adding one to it ? 

IV. Shev that a number which has Sre figures in it must be greater 
than one which has four, though the first have none hut small figures in 
it, and the second none but large ones. For example, that loiii is 
greater than 9S79. 

22. You now see that the convenience of our method of numeiatioD 
arises &om a few simple signs being made to change their lalue aa they 
change the column in which they are placed. The same adrantage 
arises from counting in a umilar way all Che articles which are used 
in eiery-day life. For example, we count money by diriding it into 
pounds, shillings, and pence, of which a shilUog ia iz pence, and a 
pound 10 shillings, or 140 pence. We write a nmnbaf of ponnds, 
shillings, nod pence in three columns, generally placing points between 
the columna. Thus, 263 pence would not be written aa 163, but m 
£1 . z . II, where £ shews that the i in the Grst column is a pound. 
Here is a lytlem tf ruaaeration in which a number in the second colnam 
on the light means 11 times as much as the same number in the hrat ; 
and one in the third column is twenty times as great aa the ssme in the 
second, or 140 rimes as great as the same in the first In each of the 
tables of measures which you will heieatter meet with, you will see a 
separate system of numeration, but the methods of calcularion for all 
will he the same. 

23. In order to make the language of atithmetio shorter, some other 
signs are used. They are as follow : 

I. is+iS means that 38 is to he added t» 15, and is the same thing 
as 53. This is the sum of i; and 3S, and is read fifteen plus thirty- 
eight (plat is the Latin fbr more). 

II. 64^11 means that 11 is to be taken away from 64, and is the 
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some thing as 51. Thia is the d^armee of 64 sad il, and iiread liitr- 
fouc minut tw^lre (fnlnui is the Latin far leu). 

III. 9x8 means that 8 is to be taken 9 timeB, and is the same thing 
aa 71. This is the produel of 9 and 8, and is lead nine inli) ei^t. 

IV. —T- means that loS it to be dirided bj 6, or that you must 
find uut hov many sixes there are in loS ; and is the same thing as iS. 
This is the quotient of loS and 6 ; and is read a hundred and eight 

V. When tro numbers, or collections of numbers, with the fbie- 
gaing signs, are the same, the sign — is put betveen them. Thus, 
thai 7 and 5 make 11, is writteu in this way, 7+5—11. This is called 
au tgnalioti, and is read, seven ^lu five egttala twelve. It is plain that 
we may construct as many equations as we please. Thus : 

7-I-9— J— ii+i ; i + 3«=ii, and so on. 

34. It often becomes necessary to speak of something which is true 
not of any one number only, but of all numbers. For example, take 
10 and 7 ; theii sum* is 17, their difference is 3. If tbii gum and 
difference be added together, we get lo, whicTi is tvrice the greater of 
the two numbers first chosen. If fh>m 17 we take 3, we get 14, which 
is twice the leas of the two numbers. The same thing will be fbund to 
hold good of any two numbers, which gives this gener&l propodtian, — 
If the sum and difference of two numbers be added together, the result 
is twice the greater of the two ; if the difference be taken fh>in the sum, 
the result is twice the leeser of the two. If, then, we take any numbers, 
and call them the first number and the second number, and let the first 
number be the greater ; we have 

(ist No.+id No.)+(ist No.-id No.)-twice ist Na 
(ist No.-wd No.)-(ist No.-id No.)-twiee id No. 
The brackets here enclose the things which must be first done, be- 
fore the signs which join the brackets are made use ot Thus, 

■ Any Hitle umjiiitstiiins abkli occur In the rest of this KcHon nuy bt made on 
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S— (z4^i)i((i+i) aJgnifieB that i4-i muat be taken i4-i times, and -tlte 
product mast be gubtmcled from S. In the aune manner, aoy re- 
sult made from two or mora numben, which is true whatever numbera 
are taken,- maf be represented bj u^g firet No., lecond Na„ &e., to 
BtAnd for them, and bj the signs in (23). But this mar be much 
shortened; for as first No., second No., &c., may mean any numbers, 
the letters a and b may be used instead of these words; and it must 
now be recollected that n and t stand for two numbers, provided only 
that a is greater than b. Let twice a be represented by lo, and twice 
t by li. The equations then become 

(a+i)+(a-i)=ia, and (o+SH"-*)-**- 
This may be explained still fbcther, as follows : 

96. Suppose a nomber of sealed packets, marked a, S, c, d, &c., on 
the outude, each of which contains a distinct but unknown number 
of counters. As long as we do not know how many counteiB each 
contains, we can make the letter which belongs to each stand fbr its 
number, so as to talk of the nunAer a, instead of the number in the 
packet marked a. And because we do not know the numbera, it does 
not therefore follow that we know nothing whatever about them ; for 
there are some conneiione which exist between all numbers, which we 
call general prt/ptrHet of numbers. For example, lake any number, 
moltiply it by itself, and subtract one from the result ; and then snb- 
tmct one from the number itself. The first of these will always cont^ 
the second exactly as many times as the original number increased by 
one. Take the number 6 ; this multiplied by itaelf is j6, which dimi- 
nished by one is ]; ; again, 6 dintinislied by i is 5 ; and 35 contains 
5, 7 ^mes, that is, 6+1 times. This will be found to be true of any 
nomber, and, when proved, may be said to be true of the number con- 
tuned in the packet marked a, or of the number a. If we represent a 
multipliedby itself by aa,* we have, by (93) 
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36. When, theFefiire, we wiah to talk of a numbei' without specify- 
iog any one in partjcular, we nae a lett«r to represent it. Thus: 
Suppose we wish to reason upon what will ibllow from dividing a nuni< 
ber into three parta, without conaidering what the number it, or what 
are the parts into whicb it is divided. Let a stand for the number, 
and b, e, and d, for the parts into which it is divided. Then, b; our 
BuppoKtion, 

On this we can reason, and produce results whicb do not belong to any 
particular number, but ore true of all. Thus, if one part be taken away 
from the number, the other two will remain, or 

If gach port be doohled, the whole number will b« doubled, or 

la = ib+ie+id. 
If we diminish one of the parts, as li, bj a nomber a, we diminJah the 
whole number just as much, or 

a~x - i+c+((i-*). 

What is a+ii—c, where a=ii, b = it,e—j F — Antuer, 41. 
What ia-^ ^^ , where 0-6 and 6=1 ?—Am. 8. 
What is the difference between (o+i) (c+rf) and o+ie+< tor ths 
following values of a, b, e, and d1 
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28. There ia no process in aritlimetic vhich does not cansist entErelr 
in the iocreaae or diminntion of numbera. There ia then nothing which 
might not be done with, collections of pehblea. Probably, at firat, either 
these or the fingen were used. Our ward ealculatioa is derived (rom 
the Latin word calculiu, which means a pebble. Shorter ways of 
coontjng have been invented, by which many calculations, which would 
requira long and tedioua ceckoning if pebbles were used, are made At 
once with Tcry little trouble. The fooi great methods are, Addition, 
Subtraction, Multiplication, and Diviaoni of which, the last two are 
only ways of doing several of the firat and second at once. 

29. When one number is increased by othera, the niunbei vhich ie 
as large as all the numbers together ia called their turn. The procesa 
of finding the sum of two or more numbers is called ADDITroN, and, 
as waa said before, ia denoted by placing a eroas (+) between the 
numbers which are to be added together. 

Suppose it required (o find the sum of 1334 and 1799. In order to 
add these numbera, take them to pieces, dividing each into its units, 
tens, hundreds, and thousands : 

1834. is I thouB. i hand. 3 tens and 4 ; 
1799 is 1 thous. 7 bund. 9 tens and 9. 

Each number is thua broken up into fbur parta. If to each port of 
the first you add the part of the aecond which is under it, and then put 
togetJier what you get fiom these additions, you will have added 1834 and 
1799. In the first number are 4 units, and in the second 9 ; these will, 
vhen the numbers are added together, contribute i] units to the sum. 
Again, the 3 lens in the first and the 9 tens in the second will contri- 
bute II tens to the sum. The 8 hundreds in the first and the 7 hundreds 
in the second irill add i; hundreds to the Bum ; and the thouaond m 
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the firat with the z thousands in the aecond will contdbut« } thousand* 
to the aam i therefore the sum required is 

} thouaands, 15 hundreds, 11 tern, and ij units. 
To aimplify this ree^l^ ;0u must recollect that — 

13 units are iten and 3 units, 

12 tens are i Imnd. and i tens. 

ij hund. are i thous. and J hund. 
3 thous. are 3 thous. 
Now collect the numbers on the light-hand side together, SB was 
done hefoie, and this will give, as the sum of 1E34. and 1799, 

4 thousands, 6 bundieds, 3 tens, and ] units, 
which (ID) is written 4633. 

30. Theft>rmeFproceSB,,vritten with the signs of (23) is ai follow! : 
1834.-1x1000 + 8x100 + 3x10 + + 
1799 = IX lODo + 7x100 + jK 10+ 9 
Therefore, 



jxiooo= 3x1000 Therefore, 
1834+1799 = 4x1000+ 6x100+ 3x10+ 3 
= 4633. 
31. The same process is to he followed in all cases, but not at the 
same length. In order to be able to go through it, you must know 
iiaw to odd together the umple numbers. This can onl; be done hj 
memorj; and to help the memory you should make the following table 
three 01 four limes fat jouiself ; 
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11 3456789 

1 13 + 56789 10 

I 3 4 S 6 7 8 9 10 n 

3 456789'°'!" 

4, s 6 7 8 9 10 II li 13 

5 6 7 g 9 10 II 11 13 14 

6 7 8 9 10 II II 13 14 15 

7 g I 9 ■" " " '3 '4 '5 'fi 
S 9 [ 10 11 12 13 1+ IS 16 17 
9 10 II II 13 14 15 "6 17 "8 



The use of this table » a> followa : Suppose you want to find the 
iqin of 8 and 7. Look in the left-hsod column for either of them, 
S, fbr example ; and look in the top coliunn for 7. On the lama line 
as 8, and underaeath 7, you find 15, their Bum. 

32. When this table has been thoroughly committed to memoir, ao 
that jou can tell at once the Bum of any two numbers, neither of which 
exceeds 9, you sbould eieidse yourself in adding and subtractjag two 
nombas, one of which is greater than 9 and the other less. You should 
write down a great number of luuh sentences as the following, which 
will eierdse you at the same time in addition, and in the use of tlie 
signs mentioned in (33). 

11+6 — ig 12+6 — 28 19+8 — 17 
54+9 — 63 56+7 — 63 12+8 = 30 
100— 9 — 91 17—8—19 44— 6 = 38,&e. 

33. When the last two articles have been thoroughly studied, you 
will be able to End the sum of any numbers by the following process,* 
which u the lame as that in (29). 
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Rule I. Place tbe numbers under one another, units under units, 
t«na under tens, and ao on. 

II. Add togetliei the unite of all, and part the whoie namber thui 
obtained into unite and tene. Thni, if 85 be tlie Dumber, part it into 
8 tens and 5 units ; if 126 be die number, part it into 13 tens and 
6umta(20). 

III. Write down the units of this number under the unite of the 
rest, and feeep in memory the number of tens. 

IV. Add together all the numbers in the column of tens, remembei- 
mg to take in (or carry, as it is called) the tens which you were told to 
recollect in III., and divide this number of tens into tens and hundreds. 
Thus, if 335 tens be the number obtained, part this into 33 hundreds 

V. Place the number of tens under the tens, and remember the 
nomher of hundreds. 

VI. Proceed in this way through every column, and at the last 
column, instead of eeparating the number you obtain into two parts, 
write it all down before the rest. 

EiAMPLt— What is 

i8o5+3&ti97»7+3+i47^ +ioo3 
1805 The addidon of the units' line, or 8-1-4+3 1-74-6+;, EP'^ 

36 33, that is, 3 tens and 3 unite. Put 3 in the unite' place, and 
19727 add together the line of tens, taking in at the beginning the 
} 3 tens which were created by the addition of the unite' line. 
1474 That is, find ]+o+7+i-l'3+o, which gives i; for the number 
2008 of lens ; that is, i hundred and 5 lene. Add the line of han- 
2J05] dreds together, taking care to add the i hundred which arose 
in the addition of the line of tens 1 that is, find i'ho+'4-i-7+g, which 
gives eiactly 10 hundreds, or 2 thousands and no hundreds. Put a 
cipher in the hundreds' place (because, if you do not, the rest figure 
will be taken for hundreds instead of thousands), and add the figures in . 
the thousands' line ti^ther, remembering the i thousands which arose 
from the hundreds' line ; that is, find z+24-i-i-9'M, vhich givet ij 
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thouaandB, or i ten thousand and 5 thousand. Write 5 under tlie 
line of thouaanda, and collect the figureg in the line of tena of thauBanda, 
lememlieriag the ten thausuiJ which arose out of the thousonda' line ; 
that ia, find i-t-i, or i teu thouaanda. Write a under the ten thoueanda' 
line, end the operation is completed. 

34. Aa an exercise in addition, 70U ma; aatiafjr yourself that what I 
now Bay of the following square is correct. The numbers in every row, 
whether reckoned upright, or from right to left, or bom comer to 
corner, when added together give the number 141 56. 



1016 


fill 


.6j6 


J8J2 


.296 


3491 


9,6 


3.32I 576 


.77. 


2.6 


iSi 


losj 


t^B 


.69a 


,888 


1331 


3S=S 


971 


3.68 


6>2 


a4'» 


1448 


aSE 


10S8 


^284 


.718 


39M 


,368 


3564 


.008 


2808 


M 


esj 


2+84 


514 


1114 


4.310 


■764 


3960 


1404 


J204 


'=4* 


2844 


1880 


720 


ijio 


360 


21&: 


4356 


1800 


360= 


,4+0 


3H' 


.oSo 


M16 


19 16 


7i6 


1556 


396 


2196 


3996 


.836 


3636 


1476 


3276 


3312 


i.Si 


1951 


791 


1592 


36 


2222 


toji 


.87a 


3671 


IS" 


.5*3 


JJ48 


..88 


»98S 


4}i 


26a8 


7i 


2268 


4068 


.908 


3708 


5744 


■584 


3384 


SiS 


3024 


468 


1664 


ro8 


2304 


4104 


,944 


.980 


3780 


1224 


34ao 


gej 


J060 


504 


1700 


'44 


2340 


4140 


t'76 


,6x0 


38.6 


1160 


34S6 


900I 


3096 


S+o 


273^ 


180 


2376 



36, If two numbers muat be added together, it will not alter the 
aum if you take away ■ part of one, provided you put on as much to 
the other. It ia plain that you will not alter the whole number of a 
collection of pebbles in two baaketa by taking any number out of one, 
and patting them into the other. Thua, 1547 is the same as la+io, 
since i a is 3 leas than is, and 10 is three more than 7. This was the 
principle upon which the whole of the process in (29) was conducted- 

36. Let o and ft stand for two numbers, as in (24). It is impossible 
to tell what their sum will be until the numbera themselvea are known. 
In the mean while a+b slanda tbr this sum. To say, in algebmicttl 
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langnage, that the sum of ■ inil i ii not altatd bj addrng a to a, pn>> 
Tided we take awaf a from b, we lun the fol1oirni( eqiittiaD i 

(•+«)+(i-e>"«*; 
which nuj be written without bndceta, thiu, 

For the aeaning of thoe two eqnatioiu will appiarta b* tbe mmc^m 
coDaidentioiu 

37. If a he taken twice, three timea, Ac. the nailta an lepmaated 
in H%ebni hj m, yi, 4a, &c. The mm ofanj two of th!a tsrii* ia*j 
be eiprexwd in a ahoitet foim than by writing the lign ■¥ bctweea 
them ; for though we do not know what munber a itandi Ibr, we know 
ihat, be it what it maj, lo+ia— fd, 304-19—50, 40+90— 13a -, and gen*- 
TaJIr, if a taken n timei be added to ■ taken >> timci, the rtault ia a 
taken >»+» timea, or 

38. The me of the bracketi moat heie be noticed. They immi, 
that the eipreuian conlaincd indde them muit be uwd exactly ai • 
aingle letter would be uwd in the nine place. Thui, pa ligniGc* that 
a ia taken p times, and (m-Hi)a, that a a taken m*n timea. It it, 
therefore, a diS^r«nt thing from m+no, which means that a, >ft« 
being taken n times, is added to m. Thus (]-H)'<> i> T* «r M- i while 
3 + 4»»i» 3+8,0'". 

39. When one number it taken away from another, the nombsi 
which is left is called the differtnct or rtmainder. The procen of 
finding the difference is called suBTsicTian. The number which is to 
be taken awaj must be of course the leaser of the two. 

40. The process of subtractian depends upon these two prindplH. 

I. The difference of two numbers ii not altered by adding a number 
to the fint, if 70U add the same number to the second ; or by sub- 
tracting a number from the first, if you subtract the same number from 
the second. ConceiTe two baskets with pebbles in them, in the first 
of which are 100 pebbles more than in the second. If I pnt 50 more 
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pebbles into each of them, there aie still only too mora in the Gnt than 
ID the lecond, and the same if I lake ;□ &om each. Therefore, in 
finding the difference of two numbera, if it should be convenient, I 
may add anj number I pleue to both of them, because, though I alter 
the numbera Utemselies by bo doing, 1 do not alter their difference. 

II. Since 6 exceeds 4 by z, 

and 3 exceeds 

and It exceeds 

6, 3, and iz together, or i 

I, and 7 together, or 10; 

Dumbeis. 

41. If a, b, and be three n 
(10 ), I. leads lo the foUowing, 

(a+c)— (S+u) ■■ a— S. 
Again, if e be leas than a and b, 

(a_c)-(i-,) = a-i. 
The brackets cannot be here removed as in (36). That is, p-iq—r) 
is not the some thing aa p—q—r. For, in tbe fint, the difference off 
and r is subtracted &om p ; but in the second, first q and then r are 
subtracted froia ji, which is the sajne aa subtracting as much as q and r 
together, or f+r. Therefore p-g^-r is p~{9+r). In order to shew 
hoir to remove the hracketa from. p--(_q—r) withont altering the value 
of the result, let us take tbe simple instance 11— (S— 5). If we subtract 
S from II, or form iz— E, we. subtract too much ; because it is not S 
which is to be taken away, but as much of S aa is left after diminishing 
it by 5. In forming 11—8 we have therefore subtracted 5 too much. 
This must be set right by adding 5 to the result, which gives 11— S4-5 
for the value of 11— (8— 5). Tbe same reasoning applies to every caae, 
and we have therefore, 

p-iq+r) ^p~q-T. 

p-{q-r) =p-q*T, 

By the same kind of rei 
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a~{b*i>-d-e) = a—b—c+d+e. 

lo+jS— (o— 2i)— 10+3S— (M-i* — o+ji, 

4j4y-(i7«-9J()=+MjF-i7«+9|F- iQS-13*' 

42. I want to SaA the dJffeicDce otibe numben 57762 and jffijt. 
Talie these to pieces as in (29) and 

577S1 is 5 ten-th. 7 th. 7 hund. 6 tens and z uniU. 

J463 1 IB J ten-th. 4 th. 6 tiand. 3 tem and i unit. 

Now 2 unita exceed ... i unit . 

6 tern i t«iu ■ 

7 hundreds .... 6 hundreds ... i hundred. 

7 thouwnds .... 4, thousanda ... 3 thousands. 

5 ten-thuusanda . . .3 teo-thoua. ... i ten-thous. 

Therefore, bj (40, Principle II.) all llie first column together exceeds 
all the second column bj all tlie third column, tbat is, b; 

a ten-th. 3 til. I hund. 3 tens and i unit, 
which ia 13131. Therefore the difference of £7761 and 34631 ia 13131, 
or S776»-3463"-iJi3'' 

43. Suppose I want to find the diff^nce between 61874 >^d 39618. 
Write them at length, and 

61174 '^ ^ ten-th. I th. ft hund. 7 tena and 4 units. 

3961s is 3 ten-th. 9 th. 6 hond. 1 tern and S unila. 
If we Bttelnpt t« do the same a> in the last article, there ia a diffi- 
cultj immedialelf, since 8, being greater than 4, cannot be taken from 
it. But finm (40) it appears that we shall not alter the difference of 
two numheiB if we add the sane number to both of them. Add ten ijj 
the first number, that is, let there be 14 uiuta inHtead of (bur, and add 
ten also to the second number, but instead of adding ten to the number 
of units, add one to the number of tens, which is the same thing. The 
numbers will then stand thus, 

6 ten-thooa. i thous. 1 bund. 7 tens and 14 unitt.* 

3 len-thoua. 9 thous. 6 hund. 3 (cm and 8 unit*. 
■ Tliou numbm which hais bnti illered un pot In Itilio. 
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You now see that the units and tens in the lower can be BubtTacted 
from those in the upper line, but that [he hundreds cannot. To remedy 
this, add one tfaousond or ro hunilred to both numbers, which will not 
alter tteir difference, and rernember to increase the hundreds in the 
upper line b; lo, and tbe thausonds in the lower line by i, which are 
the same things. And since the thousands in the lower cannot be 
subtracted bom the thousands in the upper line, add i ten thoiuand 
or Id thousand to both numbers, and increase the thousands in the 
upper line by lo, and the ten thousauds in the lower line b; i, which 
ane the same things ; and at tbe close tbe numbera which we get 
wiUbs, 

6 ten-thaus. 1 1 ihoui, 12 hund. 7 tens and 14 tmiti. 
4 te7>-ihou3. 10 thoui. 6 hund. 3 torn and S units. 

These numbers are not, it is true, the same as those girea at the 
beginning of this article, but their difference is the same, bj (40). 
With the last-mentioned numbers proceed in the same way as in (43), 
which will give, as their diSbrence, 

i ten-thons. i thous. 6 hund. 4 tens, and 6 units, which is ii£46. 

44. From this we deduce the fallowing rules for subtraction : 

L Write the number which is la it lubtracttd (which is, of course, 
the lesser of the two, and is called the tubtralienSj under the other, so 
that its unite shall &U under the units of the other, and so on. 

II. Subtract each figure of Che lower line from the one above it, if 
that can be done. Where that cannot he done, add ten to the upper 
figure, and then subtract the lower figure ; but recollect in this case 
alwBjs to increase the next figure in the lower line by i, before yon 
begin to subtract it from the upper one. 

AS. If there should not be Ba many figures in the lower line as in 
the ujiper one, proceed as if there were as many ciphers at the begin- 
ning of the lower lino aa will make the number of l^gurea equal. Yon 
do not alter a number by placing ciphers at the beginning of it. For 
example, ooKiS is the same number as tit, for it means 

o ten-thous. o thous. 8 hunds. i ten and 3 units 1 
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the Eist two agaa are nothing, and the real is 

8 handieda, i ten, and S uniU, ot 8iS. 
The aecond does not differ from the first, eicept in iU beiog raid that 
there ore no thousands and no tens of thonsanda in the number, vhich 
ma; be knovn without theit being mentioued at all. Vou maj aak, 
perhaps, why this does not apply Ui s cipher placed in the middle of a 
number, or at the right of it, as, for ezompie, in 18007 ^"^ 397°° ? 
But jou must recollect, that if it vere not for the two ciphera in the 
first, the 8 would be taken fbr 8 tens, instead of 8 thousands; and if it 
were not ibr the ciphers in the second, the 7 would be taken ibr 7 units, 
instead of 7 hundreds. 



een J70829 1640050 174 
and 308136491761(8 
Diffsrance 3677477990753986 



I. What is 1S337+149163100-6471901.'— JiwiDor 141808635. 
What is 1000— 464+3179— 646 P — Jm. 3169. 

II. Subtract 

64+76+144—18 ftom 33— 1+100037.— J M. 99801. 

III. What shorter rule might be made for subtraction when all (ho 
figures in the upper line are ciphers except the first? fbr example, 
in finding 

looooooo— 1 7 3 1 634. 

IV. Find 18361+1469 and 18361—1469, add the second result to 
the first, and then lubtiact 18361; subtract the second &om the first, 
and then lubttact 1469. — Anttaer 1S361 and 1469. 

V. There are ibur places on the same lice in the order 1, n, c, 
and D. From 1 to D it is 1463 miles; fivm 1 to c it is 718 miles ; and 
from B to D it ia 1317 miles. How far is it from a to b, &om b to c, 
and from c to D? — Anmeer. From a to b 146, from B to o 581, and 
from c to D 735 miles. 
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I. Id tlie following table subtnct b from a, and b tram the re- 
ler, and >o on until b can be no longer subtracted. Find how 
times B can be subtracted from k, and vhat ii the last p 



13604. 


. . 9999 . . 1 


... 3606 


»09((6i 


17173 5 


14096 


747" 


6791 II 





480H69 


654311 7 


llZlll 


1SS49747 


3141591 6 


195 


9(76S43»» 


"3456789 8 


9 



SECTION III. 



47. I have said that all questions in arithmetic raqture notUng 
but additton and lubtraction. I do not mean bj ttiis that no nils 
should evec be used except tliose girea in the last secdon, but that alt 
other rules only shew shorter waTS of finding That might be found, 
if we pleased, b; the methods then deduced. Even the last two rules 
themselies are onlj short and conTonient Tays of doing vhat nui; be 
done Tith a number of pebbles or counten. 

48. I vant to know the mm of fiie seienleens, or I aek the 
17 fbllowing question: Theie are Bie heaps of pebbles, and Mien" 
17 teen pebbles in each heap ; how man; are there in all ? Write 
17 fire seventeens in a column, and make the addition, which gtTM 
17 85. In this case K5 is called the product of ; and 17, and tho 
17 process of Ending the product is called UTTLTiFLicinaN, whidi 
S5 giies nothing more than the addition of a. number of the sanie 
qnantitiea. Here 17 ia called the nuAipftson^ and 5 ia called tile 
nuAJpfiffr. 

49. If no question harder than iMa were ever proposed, there would 
be no occsaion for a shorter wa; than the one here fbllowed. Sut >f 
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tbere were 1367 heapa of pebbles, and 419 in each heap, the vhole 
munber is then 1367 times 4x9, or 429 multiplied b; 1367. I ahould 
hare 10 vrite 429 1367 ^mea, and then to make im addition of enor- 
moiu length. To avoid this, a ahorter rule is necessary, vhich I nov 
proceed to explaio. 

SO. The student must firat make himself acquunted with the f ru- 
dticts of all numbers as far as 10 times 10 b; means of the following 
table,* which must be committed to memorf. 







i 


4 


s 


6 


7 


8 


9 


.0 




,2 






6 


g 


,0 


.2 


14 


16 


.8 


10 


22 


14 






9 


IZ 


■5 


18 


11 


14 


17 


30 


33 


36 






I* 


Ifi 20 


H 


2g 


34 


36 


40 


44 


48 






IS 


.0 


»S 


i° 


35 


4° 


4S 


S" 


SS 


6. 






i3 


n 


30 


36 


*> 


48 


54 


60 


66 








.. 


^8 


35 


41 


49 


56 


fi3 


70 


77 


84 






14 


31 


40 


45 


S6 


64 


71 


80 


88 


96 






17 


36 


45 


54 


63 


72 


81 


90 


99 


106 


■0 


zo 


30 


40 


5° 


60 


70 


80 


90 


,00 


no 


.20! 


■I 


«2 


IJ 


44 1 ss 


66 


77 


SS 


99 


no 


.2. 


132 


— 


36 


48 1 60 


72 


S4 


96 


■ og 


„o 


132 


144 



If &om this table ;on wiah to know what is 7 times 6, look in the 
Hrat upright column on the left for either of them ; 6 for example. 
Proceed to the right until jou come into the column marked 7 at the 
top> You there find 42, which is the product of 6 and 7. 

6\. You ma; find, in this way, either 6 times 7, or 7 times 6, and 
Ibr both 70U find 42. That is, six sereos is the same number aa seven 



■ As it U uEusI to kua Ihe produet oT numbsn 
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sixes. Thia ms; lie ahewn a> foUovs : Place eeven countere in a line, 
and repeat that IIdc in all six times. The number of counters in the 
vhole is 6 times 7, or nix sevenB, if 1 reckon the rows tiom the top to 

the bottom ; but if I count the rows that stsnd 

side bj side, I find seven of them, and six in each 

row, the whole number of which is 7 times 6, or 

wren axes. And the whole number is 41, which- 

e>er way I count. The same method may be 

applied to any other t«o numben. If the signa 

of ('23) were used, it would he sud that 7116—6x7. 

52. To take any quantity a number of times, it will be enough to 
take every one of its parts the some number of times. Thua, a sack of 
com will be increased fifly-fold, if eacb bushel which it contains be 
replaced by 50 bushels. A country will be doubled by doubling everj 
acre of land, or every county, which it cont^ns. Simple as this may 
appear, it is Decenary to state it, because it is one of the prindplea on 
which the rule of roulU plication depends. 

53. In order to multiply by any number, you may multiply sepa- 
rately by tny parts into which you choose to divide that number, and 
add the results. For example, 4. and x make 6. To multiply 7 by 6 
first multiply 7 by 4, and then by i, and add the products. This will 
give 41, which is the product of 7 and 6. Again, since 57 is made up 
of 31 and 15, 57 times 50 is made up of 31 times 50 and zj times 50, 
and so on. If the signs were used, these would be written thus : 

7x6 = 7x4 + 7x1. 

50.57 = 50x31+50x15. 

Si. The principles in the last two articles may be expressed thus : 

If a be made up of the parts x, y, and m, ma is made up of tnz, nty, 

mo — tax+mj/-tm*. 
or, m(x*jf+B) ~ mar+my-mitr. 

A similar retult may be obtained if a, instead of being made up of 
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f , If, and 2, is mode by combined addiliODs and subtiactJoiu, luch aa 

r+y—», r-g-l-*, x—y~a, &.C. To Uke the fint aa an inatuice : 

tboa ma = nu-fin^— fu . 

For, if a had been x+i/y. "ii would have been nu+my. Bnt since a 
ii less than <4y bf a, too much bf s ha« been repeated erei; time 
that «^ has been repeated )— that is, nuc too much haa been taken ; 
conaequently, ma ia not mz-Hny, but nur-Hny— nu. Similar reason- 
ing ma; be applied to other cases, and the fblloving tesults may be 
obtained: 

ni(oTfr+o— J) — ma-t-mJ+mo— twJ. 

o(a-i) = aa-ab. | 70(7+1*) — 490+143*. 

b{o-b) — ba-hb. (()<i+a+t)a — ooa-foa-ta. 

3(20— 4Jt) = fin— ii6. I {itA—ic'i^abe — ■iiaahie—iaticc. 

56. There is another way in vhlch two numbers may be multiplied 

together. Since 3 is 4 times 1, 7 times S may be made by multiplying 

7 and 4, and then multiplying that product by 1. To shew this, place 

7 ootinteis in a line, and repeat that line in all 8 times, a» in Bguret 

I. luid II. 

II. 



The number of ca 
enclose each foui roi 



iitera in all is t times 7. or 56, But (as In fig. I.} 
< in oblong Egurca, such as A and b. The num- 
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bei in each oblong i> 4 times 7, or 18, and there are tno of those ob- 
longs; 10 that to the vhole the Dumber of countera is twice aS, or 
»8xi, or 7 firet multipled bj 4, wid that product multiplied by 1. 
In figure II. it is shewn that 7 multiplied by 3 is also 7 first multiplied 
by a, and that product multiplied bj 4. Tbe same method may be 
applied to other numbers. Thus, since So is S times >□, z^S times So 
is 156 multiplied by t, and that product multiplied by 10. If we use 
the signs, the foregoing assertions are made thus : 
7.8 - 7x4x1 = 7x2x4. 
I ;6xSo — 15618x10 =156x10x8. 



Shew that 1x3x4x5 — i.<4K3xS =■ 5x4x2x3, &c. 

Shew that 18x100 ^ iSx 57+18x43. 

56. Articles '51) and (55) may be eipreaaed in the following way, 
where by ai we mean a taken t times ; by ate, a taken 6 times, and 
the result taken c times. 

abc =• acb = bca — bae, &c. 
oii: = ox(ic} = ix(co) - ex (ai). 
If we would say that the same results are produced by multiplying 
by i, e, and d, one after the other, and by the product bed at once, we 
wiiie tbe following 1 

axbxexd = axbcd. 
The feet i», that if any numbers are to be multiplied together, tbe 
product of any two or more may be formed, and substituted instead of 
those two or more; thus, the product aint^may be formed by mul- 
tiplying 



67. In order to multiply by 10, annei a cipher tii the right band of 
the multiplicand. Thus, IQ times 1356 is ijjSo, To shew this, w 
1356 at length which is 
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1 thouBonda, ] hundreiik, 5 teiw, and 6 uniti. 
Take each of Ihesa pnrts ton times, which, by {62), ii the mne as 
multiplying the vhnle niunbei by lo, and it wilt then become 

a tens of thou. 3 tensof hnn. 5 teaa of teiu,and 6 teaa, 
which is a len-thou, 3 thoua. j hvm. and 6 tern. 

This most be written z];6o, became G ia not to be 6 units, but 6 lens. 
Therefore 235CixiOE;i3;6o. 

In the siune ■way jou may shew, that in order (e multiply by 100 
yOQ must affix two ciphers to the right; to multiply by tooo you must 
affii three ciphers, and go on. The rule will be best caught from the 
foUowiog table : 

13X 10 • 130 141K 1000— 141000 

13K lOO" ijoo 13700K 10= 137000 

13M 1000= 13000 304^>! looov 3040000 

Bh. I now shew how to multiply by one of the numbers, 1, 3, 4, ;, 
6, 7, 8, or 9. I do not include i, because mulUplying by i, or taking 
the QumbeT once, is what is meant by simply wriUng down the number. 
I want to multiply 136S by 8. Write thefirst number at Aitl length. 

I thousand, 3 hundreds, 6 tens, and t units. 
To multiply this by S, multiply each of these parts by S (SOJ snd (52), 
which will give 

S thousands, 14 hundreds, 48 tens, and 64 units. 
Kow 64 units are written thus ... 64 

48tens 480 

14 hundreds 14CO 

8 thousands 8000 

Add these together, which giies 10944 as the product of ij68 and t. or 
1368118 — 10944, By working a few eiamplei in this way jou will me 
for following rule. 
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59. I. Multiply the first figure of Che multiplicand hj the multiplier, 
write down the unifg" figure, and reserve the tens. 

II. Do the same with the Kcnnd figure of the multiplicaDd, aod 
add to the product the number of tene from the Ent ; put down the 
uuita' figure of this, and reserve the ten& 

III. Proceed in this wajr till you come to the last figure, and then 
write down the whole number obtained fhim that figure. 

IV. If there be a cipher in the multiplicand, treat it as if it were 
a number, observing that oki = a, oxi = □, &c. 

60. In a wmilar way a number can be multiplied by a figure which 
is accompanied by ciphera, as, for example, Sooo. For Soao is Sxiooo, 
and therefore (55} you must first mulUply by t and then by looo, 
which Isst operation (57) is done by placing 3 ciphers on the right. 
Hence the rule in this case is. Multiply by the simple number, and 
place the number of dphers which follow it at the ri^ of the product. 



Multiply 16794Z3300E71 



What is 1007360x7 ? Aasaer, 7051510. 

ii34Sfi7S9><9+ioand ii3*9-l-4?— 4iu. iiittiiiii 

What is 1 36x3+1 19x4+ 147x8+17)13000 P — Ans, S3100. 

An army is made up of 33 regiments of infantry, each conlaining 
Soo men; 14 of cavalry, each contuning 600 men; and 1 of artitlerr, 
each containing 300 men. The enemy hue 6 more regiments of in&ntry, 
each coDtairting 100 more men; 3 more regiments of cavalry, each con- 
tuning loo men less ; and 4 corps of artillery of the same magnitude as 
those of the first : two regiments of cavalry and one of infiuitry desert 
fhim the former to the latter. How many men has the second army 
more than the first f — Ans^aer, 13400. 

62 Suppose it required to multiply 13707 by 45*7. Since 4567 ii 
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made up of 4000, 500, 60, nnd 7, bj (63) we must multiply 33707 by 
each of these, aud add the products. 

Now (58) i3;o7x 7 is i6S9+9 

(60) a3707x 60 is 1411410 

13707X joo ^is 11853500 

13707x4000 is 94828000 

The sum of these is 108169869 

wbicb is the product Tequired. 

It wil! do as well if, instead of writing the ciphers ut the end of e&ch 
line, wa keep the other figures in tlieir places without them. If we take 
Bwaj the ciphe™,the second line is one placa to tbe left of the fitst, the 
third one place lo the left of the second, and so on. Write the multiplier 
Hid the multiplicand over these lines, and the process will stand thus : 

23707 63. There is one more case to be noticed; that is, 

4567 -where there is a cipher in the middle of the multiplier. 
165949 The following example will shew that in this case 
141242 nothing more is necessary than to keep the first figure 
11S535 of each line in the column under the figure of the 

9482E multiplier ftom which that line oiises. Suppose it re- 

108169869 quired to multiplj 365 by 101001. The multiplier is 
made up of looooo, tooo and t. Proceed as before, and 
365x1 is 365 

(57) 365x1000 is 365000 

3G5XIOOOOO ia 36500000 

The sum of which is 368653E5 
and the whole process with the ciphers struck off is ; 

365 64. The following ia the rale in all cases : 

loiooi I. Place the multiplier under the multiplicand, so 

305 that tbe units of one may be under those of the other. 

365 II. Multiply the whole multiplicand by each figure 

365 of the multiplier (59), uid place the unit of each line in 

36865365 the column under the Rgure of the multiplier bora which 
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III. Add together the line« obtained by II. column by column, 

65. WlieD the maltiplier ot multiplicand, or both, hsTe ciphers on 
tb« right h^d, multiply the two togetbei without tlie dphen, and then 
place on the right of the product all the ciphen that are on the light 
both of the multiplier and multiplicand. For example, what ia jxoo 
Kijooo? Fiist, 3100 la jzxioo, or one hundred times aa great as 31. 
Again, 31ki3ooo is 31x13, with Ehiee ciphers affixed, that ia 416, with 
three dphers affixed, or 416000, But the product required must be 
100 times aa great as this, or must have two ciphers affixed. It is 
therefore 4.1600000, haring as many ciphers as are in both mnlliplier 
and multiplicand. 

66. When any number is malttplied by itself any number of limes, 
the result is called a poaer of that number. Thus : 

6 is called the first power of 6 
6x6 . . second power of 6 * 
£x6x6 , . third power of 6 
£x6x6](6 . fourth poweroffi 
&c &c 

The aeoond and third powers are usually called the iguare and cube, 
which are incorrect names, derived from certain conn^ons of the se- 
cond end tliird power with the square and cube in geomeli;. As exer- 
daes in multiplication, the following powers are to be found. 
Nnmbra prapwed. Square. Cube. 

972 9447K+ 518330048 

1008 1016064 1014192511 

3141 9871164 31018339188 

J161 10004569 31644451747 

5S5J 3085801; 171416318875 

6789 46090511 311908547069 

The fiilh power of j6 is 60466176 
... fourth . , 50 ... 6150000 
... foorth . . 108 ... 13604E896 
... fourth . . 177 ... 5887339441 
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67. It is nquired lo multiply a-ti hj c+d, tliat is, to take a^b at 
manjr timea u there are units in e+d. By (fi3) a-t-b miut^w taken e 
times, and d times, or the product required is (a+i)c*(_a+i)d. But 
(52) (iH-A)a is oo+io, and (a-l-i)il is ad+bd ; whence the product required 
a ac^ie+aii+id ; or, 

{a+i)(WiO — aotVt<kf+M. 
By similai reasoning (o— i)(l^t^ is [a—b)e*(a-i)d , or, 
(o— i)(i!+rf) — aa-be+ad-bd. 

To multiply a—b by e—d, first lake n— £ e limes, vhich giies ae—ie. 
This is not correct ; for in taking it e times instead of o-d times, ve 
hare taken it d times too many ; or have made a result which is (fl-b}d 
too great. The real result is therefore iK—bo-(a—b)d. But {a—b)d ia 
ad-ba, and therefore 

{a-b)(e-d) = ao-ba-(ad-bd) 

= otf-io-orf+M (41) 

From these three examples may be collected the tbllowing rule fbt 
(he multiplication of algebraic quantities: Multiply each term of the 
multiplicand by each term of the multiplier ; when the two terms hare 
both + 01 both — belbre them, put + before their product; when one 
has -h and the other — , put — before tbeii product. In using the first 
terms, which have no sign, apply the rule as if the; had the sign •!■. 

68. For example, (fl+i}{a+b) gives aa+a6+ab*b6. But ab+ab is 
loi; hence the iguare of a-t-i is aa+2ab+bb. Again (n— i)(a— £) gives 
aa—ab—abtbb. But two subtractions of ab are equivalent to subtract- 
ing 3,ab ; hence the tquare of a—b ia aa—iab+bb. Again, la+b)(a—b) 
gives aa+ab—ab—6b. But the addition and subtraction of ab makes no 
change t hence the product ota+b and a— £ is aa—bh. 

Again, the square ofo+frfMi/ or (o+J-^l^+rf)(o+J-^l^+^J) will be found 
to be aa-*^ab*%iu>*xad*bb¥ibc*zbd-mv+icd*dd ; or the rule for squaring 
such a quantity is i Square the first term, and multiply all that come 
if/ier by twice that term ; do the same with the second, and so on to 
the end. 
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(9. SnppoM I nak vbetbei 156 con be divided into a numbsr of 
paiti each ol whicli ia 13, 01 hoT man/ thiiteeo 156 containB; I pro- 
pose a. questiDH, the aolution of which ia called ditisioh. In this cSBe, 
156 ia called the dittidend, i] the dioiior, and the number of parti la- 
quired ia the qtmlient; and when I find the quotient, I am said to 
divide i^eby 13. 

70. The mmpl«et method of doing thia ia to mibtiact 13 from 156, 
and then to subtract 1 3 from the remainder, and ao on ; or, in common 
language, to leil i^is^ bj thirteena. A aimilar proceaa has alreai); 
occurred in the eierciaes on subtractjon. Art. (46). Do this, and maA 
one for every aubtraction tliat is made, to remind jou that each aub- 
tractioD takes >] once&om 156, which operations will stand aafbllows: 
156 Begin by subtracting 13 from ij6, which leaves 143. Snb- 

r-- — tract 13 from 143, which leaves 130; and so on. At last 13 
'3 ' only remains, from which when 1 3 ia subtracted, there remains 
,, J nothing. Upon counting the number of times vhlch you have 
117 subtracted 13, you find that this number ia 12,; or 156 contains 
rrr — twelve thirteena, or contains 13 twelve times. 
'3 ' This method ia the most simple possible, and might be done 

J, , irith pebblea. Of these you would firet count 156, You would 
7S then take 13 &om the heap, and put them into one heap bj 
-g^ — themselves. Yon would then take another 13 from the heap, 
'3 ' and place Ihem in another heap by themselves ; and so on unljl 
J, J there were none left. You would then count the number of 
39 heaps, which you would find to be la. 

~^ — ■ 71. DiviKon ia the opposite of multiplication. In multi- 

'i ' plication you have a number of heaps, with the same number 
^ of pebblea in each, and you want to know how many pebbles 
o there are in alL In diviuon you know how many there are 
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in all, and haw nianj there are to be in each heap, and you naot 
to bnon how majiy heapt there ore. 

73. Id the last example a nambei vai taken which containa an 
exact number of thirleena. But this does not happen with e*erf niun- 
bsr. Tale, for example, 159. Follow the process of (70), and it will 
appear that after having eubtracted 13 twelve times, tliere remains 3, 
from which 13 cannot be aubtnicted. We may say then that 159 con- 
lains twelve thirteenB and 3 oner ; or that 159, when divided by 13, 
givea a guolUnI 11, and a remainder 3. If we use signs, 
"59 = I3X11+3- 



146-^ 14x6+1, or 146 contains six twenty-fbon and I aver. 
146 — 6x14+1, or 146 contains twenty-foui sixes and 1 arer. 
300 = 41x7+6, or 300 contains seven forty-twos and 6 over. 
39614- 7^77" S+J»39- 

73. If a contain b q times with a remainder r, a must be greater 
than if by r ,- thai is, 

If there be no remiunder, a = bq. Here a is Ilia dividend, i the djvisoi. 
q the quotient, and r the remainder. In order to say that a contains 
b q times, we write, 

5.,,».:S.,, 
which in old boohs is often found written thus : 

74, If I divide 156 into several parts, and find how often 13 is 
contained in each of them, it is plain that ij6 contains 13 as afl«n as 
all its parts together. Far example, 156 is made up of gi, 39, and 16. 
Ot these 



therefore 91+39H6 contains ij 7+3+1 times, 01 
Again, 1 56 is made up of too, 50, and £. 
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50 contain. 13 a times and n over. 

6 conUJns 13 o times* and 6 over. 

Therefore loo+jo+e conl&ins i} 7+]-ki timea and 9+11+6 OTei ) or 

156 containa 13 10 times and 16 over. But z6 is itself z thiri«eiis; 

therefore 15S containa 10 thiileeni and 1 thirteens, or 12, thirteen.. 

75. The result of the laat article is exprewed by saying, that if 

• a ted 

o — S+e+d, then — = — +— + — ■ 

76. Id the Srst example I did not take avaj i ] more than once at 
a time, in order that the method might be as simple as possible. But 
if I knowirhat is tince i], 3 times ij, &c., I can take awaj as manj 
thirteena at a time as I please, if I lake care to mark at each step hov 
many I take away. For example, take away 13 ten times at once from 
156, that is, take away 130, and afterwards lake away ij twice, or take 
away 16, and the process is as follows : 

156 

130 10 timea 13. 



Therefore 156 contains 13 10-n, or 11 times. 
Again, to diride 3096 by i3. 
3096 Therefore 3096 contains 18 iQO*So+-io+i, or 

77. Ton will now understand the following 
I 18. sentences, and be able to make similar assertions 
of other numbers. 

450 is 7;x6; it theroforo contains any number, 
« ;, £ times as often as 7; contains it 
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396 

3 So so times 



Twice iji I 



16 times; tberefore. 



4720 <!< 
471000 






&C. 



I 



&c. 



7S. The faregoiDg articles contain the principles of division. The 
question noir is, to appl} them in the shortest and most conienient vay 
Suppose it required to divide 406E b; li, or to find ^-— (33). 

If we diride 4063 into sjij number of psjls, we majr, bj the process 
fbllowed in (74), find how manj Umee iS is contained in each of these 
pans, and from thence how many times it is contained in the whole. 
Now, what separation of 4068 into parts will be most convenient f 
Observe that 4, the first figure of4o6S, does not contain iS; but that 
40, the first and second figures together, diKt coalaia lE more than tinice, 
iui lea than three timet.' But 406s {20) is made up of 40 hundreds, 
sod 6E i of which, 40 hundreds (77) contains lE more than los times, 
and less than 30a times. Tberefore, 4c6t also conC^ns more than 200 
times 18, since it must contain lE more times than 4000 does. It nlao 
contains i3 less than joo times, because 300 times iS is S400, a greater 
number than 406E. Subtract i3 too times from 4068 ; that is, subtract 
3600, aod there remains 468. Therefore, 4068 contains 18 200 times, 
and as manj more times as 468 contains i3. 
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eiactlj as before. Obseire that ^ contaioa i3 more tlian twice, and 
Itta than 3 tunea ; therefore, 460 containa it more than xa, and len 
than 30 times (77) ; as dae> also 4.6S. Subtiact iS so times from 468, 
that is, subtract 360 ; the remainder is laS. Therefore, 4.6S contaiiu 
iS lo times, and at manf more as loS contuns it. Now, io3 is fomid 
to contain 18 6 times exactlj' ; therefore, 468 contains it io+6 times, 
and 4068 contains it loM-jot-fi times, or ii6 times. If we write down 
the process that has been followed, without anj explanation, putting 
the divisor, dividend, and quotient, in a line separated bf panntheaea. 
it will stand, as in eiample(A). 

Let it he required to divide 36316599 by 1341 (B). 



.)363.6s99(zooooH 
I6B+0O0O 


A. 

18)4063(100+10+6 


9486599 


9394000 


3600 


92599 


468 


Eojio 


36a 


11079 


.08 


1107s 


T03 



As in the preiioos esample, 36316599 ia separated into 36310000 
and 6599 ; the first four figures 3631 being aepaj^ted fiom the test, 
because it takes four figures tiom the left of th« dividend to make a 
number which ia greater than the diTiaor. Again, 3631000a is found to 
contain 1341 more than loooo, and less than 30000 times ; and I34ix 
loooo is subtracted from the dividend, after which the remainder is 
9436599. The same operation is repeated again and again, and ths 
result is found to be, that there ia a quotient iaooo+70oo-t-e(H-9, or 
17069, and a remainder i. 

Before you proceed, f ou should now repeat the foregoing article at 
length in the solution of the following questions^ What are 
10093874 66779921 1718118 

3107 ' "4433 ' i335» 
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the quotients of which are 1147, 5S], zo3; and the remuudera 1443, 

65481. 7761. 

79. In the example! of tlie last article, observe, ist, that it is uwleu 
to write down the ciphers which are on the right of each subtrahend, 
provided that without them you keep each of the other figures in its 
proper place: xd, that it is useless M put down the right-hand figures 
of the dividend so long as thej fall over ciphers, because Ihej do not 
begin to have any share in the making of the quotient until, by con- 
tiniuDg the praoes, thej cease to have ciphers undei them : 3d, that 
the quotient is only a number written at length, instead of the usual 
way. For example, the first quotient is ioo*^iM-6, or 116; the second 
is 2<xioo+jooi>+6ot^ or ijaS^ Strike out, therefore, nil the ciphers 
and the numbers which come above them, except those in the firet 
line, and put the quotjent in one line ; and the two examples of the 
last article will stand thus : 

18)4068(226 1342) 563 16599(170*9 

36 2684 



80. Henire the following rule is deduced : 

I. Write the divisor and dividend in one line, and place parentheses 
on each side of the dividend. 

II. Take off from the left hand of the dividend the least number of 
figures which maie a number greater than the divisor ; find what nom- 
ber of limes the divisor is contained in these, and write this number as 
the first figure of the quotient. 

III. Multiply the divisor by the last-mentioned figure, and subtract 
the product from the number which was taken off at the left of the 
dividend. 
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IV. On the Tight of the remainder place the figure of the dividend 
which comes next altec those Blreod; separated in II.: if the recooinder 
thuB increased be greater than the divieor, find hoT monj tnmee the 
divisor ia contained in it ; put thi» number st the tight of the first 
figure of the qDOtient,Bnd repeat the procera: if not, on the nght place 
the next figure of the dividend, and the next, and 90 on until it is 
greater j but remember to place a cipher in the quotient fbt everj figure 
of the dividend which jou are obliged to take, except the first, 

Y. Proceed in this way nntjl all the Ggnres of the dividend ara 
exhausted. 

In judging how often one large number is contained in anotha, • 
first and rough guess maj be mads bj striMng off the same number of 
figures &om both, and using the results instead of the numbers them- 
selvee. Thus, 4,73* is contained in 14,379 about the same number of 
times that 4 is contained in 14, or about 3 times. The reason is, that 
4 being contained in 14 as often as 4000 is in 14000, and these last onlj 
differing trom the proposed numbers by lower denominations, viz. hui^ 
ilreds, &C we may expect that there will not be much difhrence be- 
tween t]ie number of times which 14000 contains 40D0, and that which 
14379 contains 4731: and it generally happens so. But tfthe second 
ftguie of the divisor be 5, or greater than ;, it will be more accurate to 
increase the first figure of the divisor bj i, before trying the method 
just explained. Nothing but practice can give fodlity in this sort of 
guess-work. 

81. This process may be made more simple when the divisor is not 
greater than iz, if you have auffident knowledge of the multiplication 
table (60). For example, I want to divide 13*976 by 4. At full length 
Ihn proceaa stand* thus > 
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4)111976(33144 But jou will reooUect, mthout the Dece«aiiy of 

'" writing it down, that 13 contains 4 three timm with 

'^ > lemsindet r ; thia i jou will place before 1, the 

next figure of the dividend, and you know that 11 

9 contBina 4 ] times exactly, and bo on. It will be mors 

_ convenient to write down the quotient thus ; 

■7 4 ) '31976 

16 While on thig part of the subjeot, we may men- ; 

'° tion, that tbe shortest way to mnltiply by 5 ia to \ 

o uinex a cipher and diride by x, which ia equiTalent / 

to taking the half of 10 times, or 5 times. To diride by ;, multiply by / 
3 and strike off the last figure, which leaves the quotient ; half the last \ 
figure is tbe remainder. To mumply by 15, annei two ciphers and 
divide by 4. To divide by 15, multiply by 4 and strike off the last I 
two figures, which leaves tbe quotient ; one fourth of the last two I 
fignies, taken as one number, is the remainder. To multiply a number I 
by 9, annex a cipher, and gubttact the ntunber, which is equivalent to { 
taking the number ten times, and then subtracting it once. To niul- I 
tiply by 99, annex two ciphers and subtract the number, &c 

In order that a number may be divisible by a vrithout remainder, 
its units* Ggnre must be an even number.* Tbat it may be divisible 
by 4, its last two figures must be divisible by 4. Take the example 
1^36: this ia composed of 12 hundreds and 36, the fint part of which, 
being hundreds, is divisible by 4, and gives iz twenty-fives ; it depends 
then upon 36, tie last two figures, whether 1136 is diviable by 4 or 
not. A number is divisible by 8 if the last three figures are divisible 
by g ; tor every digit, except the last three, is a number of thousands, 
and 1000 is divisible by 8 r whether therefore the whole shall he divi- 
sible by 8 or not depends on the last three figures: thus, 117946 is not 
divisible by S, since 946 is nid so. A number is divisible by 3 or 9 
only when the sum of its di^ta Is diviuble by 3 or 9. Take for example 
1134 ; this ia 
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I thoiimBd, or 999 and i 

1 bimdrod, oi twice 99 and a 

3 tent, or thcee timw 9 and 3 

Kow 9, 99, 999, &c am all obrioualy divisible by 9 and bj 3, and m 
will be any nmnbei made by the repetition of all or any of them any 
number oftimea. It therefore depends on i-fz-t-}'f4, orthe lunioftlie 
digits, vhether 11341 shall be diviaible by 9 or j, or not. From the 
above we gather, that a number is divimble by 6 when it ii even, and 
when the sum of its digits ii diviaible by 3. Lastly, a mimber ia divi- 
sible by 5 only when the last figure is a or j. 

62. Where the divisor is unity followed by dphen, the rule becomes 
extremely simple, as you wit] see by the following ezamplea ; 

loa)334ia(}34 Tbh it, then, the rule: Cut off as many 

3°° figurea &om the right baud of the dividend 

342 as there ace ciphers. These figures will be 

300 t]]£ remainder, and the rest of the dividend 

429 will be the qootient. 

V° Or wo may prove these itealta thus : from 

19 (20), 2717316 is 171731 tent and 6; of which 

° )^7'7}' jjjg gj^ contains 10 171731 times, and the 

'^ '' ' * second not at all; the quotient is therefore 

1717J1, and the remainder 6 (72). Again (20), 33429 is 334 hundreds 
and 19 J of which the firat contains 100 354. times, and the second not 
at bU i the quotient is therefore 334, and the reminder ij, 

83. The foUowing eiamples will shew how the rule may be short- 
ened when there are ciphers in the divisor. With each example is 
placed another containing the same process, all unnecessary Rgmes 
being removed ; and from the comparison of the two, the rule at the 
end of this article is derived. 
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5346 





Ii3)4«i76>(34»! 


36900000 


369 


51761893 


S^7 


49100000 


49" 


35618930 


356 




246 


.I0.893«, 


1 101 


98400000. 


934 



117S9300 



11789300 



The rule, then, is : Strike out ae manj Jigura* from the right of the 
dividend as there are eijAen at the right of the divisor. Strike Out all 
the eiphem &om the diriaor, and divide in the dbiuiI vaj ; but at the 
«ad of the procen place on the right of the remwDder all (hoae fignre* 
which were struck out of the dividoDd. 



IHvldDid. 


DivlMr. 


Quotient 


9694 


47 


106 


.756 <3 


3,36 


S6 


IJ79M4 


130000 


iSj 


14001564 


.871 


7484 


310314410 


7878 


3939° 


J939040647 


6889 


571787 


876791454961 


430*6711 


SI 1441 



* Including both dpben ud othm 
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100++3 
76+51 



- 100x100+100x4,3+431(4.3. 
= 100x100—100x43+43x43. 



IV. ! 



WTiat u the nearest number to 1376419 which csa be divided by 
36300 without remainder ? — ATuneer, 1379400. 

If 36 oien can eat 116 acres of grass in one fear, and if a eheep eSit 
half as much as an 01, how long witt it take 49 oxen and 136 sheep 
together to eat 17550 actea i—Jtmeer, 25 years. 

65. Take any two numbers, ana of which divides the other without 
lemaJnderi for example, 31 and 4. Multiply both these numbera hy 
any other number ; for example, 6. The products will be 191 and 14. 
Now, 1 91 contains 14 just as often as 31 contuns 4. Suppose 6 baskets, 
each coul«jniiig 31 pebbles, the whole nnmber of which will be 191. 
Take 4 &om one basket, time afW time, until that basliet is empty. 
It is plain that if, instead of taking 4 from that basket, I take 4 &om 
each, the whole 6 will be emptied together : that is, 6 times 31 contain! 
6 times 4 just as ofUn as 31 coDtaiiui 4. The same reasaniog applie* 
to other numbers, and therefore tee da not oiler the quotient if tee mul- 
tiplp the dividtTtd and diniior bg the mme manber. 

66. Again, suppose that 100 is to be divided by ;o. Divide both 
the dividend and divisor by the same number ; for example, 5. Then, 
zoo is 5 times 40, and ;o is 5 times 10. But by (65), 40 divided by 10 
fpves the same quotient as 5 times 40 divided hy 5 times 10, and there- 
fore the qnolieni of two mmbert if not altered by dividinji iolh the diei- 
dead and divuor by the tame natter. 

' 87. From (56), if a number be multiplied successively by two others, 
) it is multiplied hy tbeir product. Thus, 17, Erst multiplied by 5, and 
the product multiplied by ], is the same as 27 multiplied by 5 times 3, 
or 15. Also, if a ntmiber be divided by any number, and the quotient 
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be divided l; anothei, it it tlw nuns n iftba firt nmabai had ban 
divided bj the product of the otber two. For exunple, dirida 6a bj 4, 
which ^>e« 15, luid the qnotjent hj 3, vbicb prt* j. It i* pUio> that 
if each of the four fifteeni of which 60 ft compoaed b« diiided into thiaa 
«qtul parts, there an twelre equal paiti in all ; er, a dirinon bj 4, and 
then b}' 3, it eqiuTolent to a diiition bj 4x3, or la. 

S8. The fallowing rulei will be better ondeiKood bj Mating lh«m 
in an example. If 31 be multiplied bj 14 and diiided bj 6, tba ratult 
is the mme aa if 31 hud been multiplied bj the quotient of 14 diiided 
bj 6, that it, bj 4 ; for the tilth part of 14 being 4, the tilth part of 
anj number repeated 14 time* it that number repeated 4 time* t m. 
multipl/ing bj 14 and diriding b j 6 it equinlent to multiplying by 4. 

89. Again, if 4S be mnltiptied bf 4, and tbat product be dirided bj 
34, it it the tame thing aa if 4S were dirided at once bj the qootiant of 
14 divided bj 4, that it, bj 6. For, everj unit which it repeated 6 
timea in 4S it repeated 4 timet at alien, or 14 timsa, in 4 tlmaa 48, 
or the quotient of 4^ and 6 it the lame at the quotient of 48x4 and 

90. The leaulti of the latt fire articlea ma; be algebrtucallj eipresiod 



If n divide a and b without remunder, 

-4--- t"> -^-A w> 



m 



: .4- (•») 



It must be recollected, however, that theae have onlj been pToved 
in the case where all the diYinoiu are without remainder, 

91. When one number ditidei another without leaving any re- 
mmnder, or it contained an exact number of timet in it, it ig taid to be - 
a meamre of that number, or to meamrt it. Thus, 4 it a measure of 
136, OF meaturet 136 ; but it does not meaauie 137. The reatoa for 
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niing ibe word measure ii this : Suppoae jou have a rod 4 feet long, 
wiU) nothing marked upon it, with whicli jou irant to meaauie tome 
IsDgth i for example, the length of a Htnet. If that atreet ahould 
happen to be t}6 feet in length, fou will be able to meature it with 
the rod, becaoae, aince 136 contains 4 34 times, you will find that the 
■tieet is exactly 34 times the length of the rod. But if the street should 
happen to be 137 faet long, you cannot measure it with the rod ; foi 
when fan hare measured 34 of the rods, f ou wilt find a remainder, 
whose length you cannot tell without some shorter meaanre. Hence 4 
is said to measure 136, but not to. measure 137. A measure, then, is a 
di'isor which leayea no remainder, 

93. When one number is a measure of two others, it ia called B 
.RMnnun) raeiaart of the two. Thus, 15 is a common measure of jto 
and 75. Two numben may have sereral common meanuea. For 
example, 360 and r6g have the common meaaurai z, 3, 4, 6, £4, and 
soTeral others. Now, this question may be aslced : Of all the common 
measures of 360 and i6g, which is the greatest? The odshbi 10 this 
question is denied from a rnle of niithmelic, called the role for finding 
the QKEiTasT COMKON MEASDHE, which we proceed to consider. 

93. If one quantity meaaore two others, it meaaures their anm and 
difference. Thus, 7 measures 21 and s^- I' therefore measures j64ii 
and 56-11, or 77 and 35. This is only another way of aaying what 
was aaid in (74). 

94. If one aomber meoaore a second, it meBsures every number 
which the aecond measure& Thus, j measures ij, and 15 measutea 30, 
4.5, 60, 7j, ftc. ; all which numbers are measured by 5. It ia plain 
that if 

IS contains 5 3 times, 
30, or 15+15 contains 5 3+3 times, or 6 times, 
45, or 15+15+15 containa 5 3+3+3 orstimes; 



95. Every number which measures both the dividend and divisor 
also. To shew this, divide 360 by in. The 
the remainder 14, that is (73) 36a is three times 1 11 



g gj-gg. DIVISION. 47 

snd 14, or }6a >■ 111x3+14. From this it fiillonB, tliat 14 is the diffei- 
eoce between 360 and 3 times iii, or 14 — 360—112x3. Take an; num- 
ber vhich measures both 360 and iii ; for example, 4. Then 

4 measures 360, 

4 measuTOB iii, and theiefbre (91) m 



Therefbre (93) it Tieaaurea 360—1 11x3, vhich ii the re 
same reaioni:^ maybe applied to all other measuiea of 360 and iiii 
and the result is, that ecerj qnantit; vhich meaaurea both the dividend 
snd divisor also measures the remainder. Hence, ever; eommim vuature 
of a. dividend and diiisor is also a nomnton tuiuura of the divisor and 

96. Every common measure of the divisor azid reminder is otao a 
common measure of the dividend aud divisor. Take the same example, 
and recollect that 360 •> mx3424. Take any common measure of the 
remainder 24 and the divisor 1 12 ; for example, S. Then 

S measures 24 ; 
and i measures iiz, and therefore (94) measures 111x3. 
Therefore (93) 8 meaaorei iijx3+!4, or measures the dividend 360. 
Then every common measure of the remainder and diviaor is nlso a 
common measure of the divisor and dividend, or there is no common 
measure of the remainder and divisor which is not also a comrnoD mea- 
sure of (he divisor and dividend. 

97. I. It is proved in (95) that the remainder and divisor have all 
the common mcBsurcB which are in the dividend and divisor. 

II. It is proved in (96) that they have no others. 

It therefore follows, that the greatest of the common measures of 
the first two is the greatest of thoae of the second two, which shews how 
to find the greatest common measure of any two numbers,* as follows : 

98. Take the preceding example, and let it be required to find the 
g. c m. of 36a and til, and observe that 

■ For ihordeu, 1 abbreviate th» words frAtf«( nniiiHK mratvre bto their Ijiitlal 



..Cooglt 



4S rRIMCIFLBB O 

360 divided bj 1 11 givcB the remainder 14, 
111 divided by 14 given the temaindei 16, 

14 divided b; 16 gives the remajnder S, 

16 divided b}' 8 g^ves no remainder. 

Now, ^ce S divides 16 without remaindeT, and unce it also divides 
itself irithout remainder, 3 is the g. c. m. of S and 16, because it is im- 
posaible to divide 8 bj any number greater than 8 ; so that, even if 
16 had a greater measuce th&n S, it could not be camman to 16 and 8. 



Therefore 8 

(97)g. c. m. of 16 and 8 

g. c m. of 14 and 16 



c m. of 16 and 8, 
c m. of 14 and 16, 
;. m.ot 111 and 24, 
cm. of 360 and ill, 
a. m. of 360 and 1 11. 



The proeesa carried oo maj he written down in either of the follow- 
ing ways: 

112)360(3 The nde for finding the greatest common me*- 

f^l sure of two nnmbers is, 
14)111(4 I. Divide the greater of the two by the leas. 

° II. Make the remiunder a divisor, and tha 

16)14(1 divisor a dividend, and find another remainder. 

III. Proceed in this way until there is no 

!)i6(i remainder, and the last divisor is the greatest 

>6 - . 

common meaanre reqmred, 

° 99, Yon may perhaps ask how the rule is to 

shew when the two numbers have no common 
measure. The bet is, tbat there are, atnctlj 
speaking, no such numbers, because aU numbert 
■re measured by i ; that is, contain an exact 
number of units, and therefore i ia a common 
measure of every two numbers. If they have no other common mea> 
sure, the last divisor will be 1, ae in the following example, where tfa* 
gieateat common measure of 87 and 15 is found. 
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360 


3 


96 


J36 


4 


16 


14 


I 


16 


16 


1 





8 





'5)87(3 
7i 


6197 
5836J 


1601 


— 


SS47 


,47008443 


I).X(11 


6ig. 


3»6o4. 


" 


igj.S 


3>49S 


-° 


1509 


300J09 



What are 36x36+1x36x71+71)171 
and 36x36x36+71x71x71; 
and what is their greatert common meamiieP—JiuiMr, 11664. 

100. If two numbera be diiiaible b; a third, aad if tbe qnotienta M 
again diviaible by a fouith, that third is not the greatest common niMi- 
Bure. For example, 360 and 504 are both divisible by 4. The quotienti 
are 90 and 116. Nov go and ti6 are both diriubte by g, the quotienlA 
of which division are 10 and 14. By (67), dividing a number by 4, and 
then dividing the quotient by i), is the aame thing as dividing tbe num- 
ber itself by 4x9, or by 36. Then, unca 36 is a common measure of 360 
and 504, and ia greater than 4, 4 is not the greatest common measure. 
A^in, Bnce 10 and 14 are bolh divisible by 1, 36 is not the greatest 
common measure. It therefore follows, that when two Quinbers are 
divided by their greatest common meaaure, the quotients have no com- 
mon measure except I (99). Otherwise, the number which was called 
the greatest common measure in the last sentence is not so in reality. 

101. To £nd the greatest common meaaiire of three numbers, find 
the g. c m. of the first and second, and of this and the third. For 
since all common divisois of the first and second are contained in their 
g. c. m., and no others, whatever is common to the first, second, and 
third, is common also to the third and the g. c m. of the first and second, 
and no others. Similarly, to find the g. c m. of four numbers, find the 
g. c m. of the first, second, and third, and of that and the fourth. 

102. When a first number contains a second, or is diiriuble by it 
without remainder, the Grat ia called a multiple of the second. The 
words mvltipU and meastira are thus connected : Since 4 is a measure 



oCu, H it » tQUttiple of 4. The number j6 ia a multiple oTS, 11, 14, 
48, and sereral otbeis. It is therefore lalled s commim mallipit of S, 
II, 24.43, &c. The product ol'&ny two numbers. is evidently a common 
multiple of both. Thus, %6xS, or liS, ia a common multiple of ]6 and 
S. But there are common multiples of ;6 and 3 lew than xSS ; and 
because it ia convenient, when a common multiple of two quantities is 
vanted, to use the least of tbem, I now ahew hox' to find the least 
common multiple of two numbera. 

103. Take, for example, 36 and E. Find thelt greatest coniDion 
meaaure, which ia 4, and observe that 36 ia 9x4, and 3 b 1x4. The 
(juoiienta of 36 and 3, when divided b; their greatest common meaaure, 
are thereibre <) and 2. Multiply these quotients together, and multiply 
the product by the greateat common measure, 4, which gives 9x2x4, or 
71. This is a multiple of g, or of 4x2 by (S5) ; and also of 36 or of 
4x9. Jtiaalao the least common multiple; but this cannot be proved 
to you, because the demonatration cannot be thoroughly undeiBtood 
without more practice in the use of letters to stand for numbers. But 
you may satiety jouraelf that it ii the least in this case, and that the 
same process will give the least common multiple in any other case 
which you may take. It is not even necessary tbat you should know 
it ia the least. Whenever a common muldple is to be used, any one 
will do as well aa the least. It is only to avoid large numbers tliat the 
least is used in prererence to any other. 

When the greatest common measure ia I, the least common multiple 
of the two numbera is their product. 

The rule then is: To find the least common multiple of two num- 
bera, Hud their greatest common measure, and multiply one of the num- 
ben by the quotient which the other gives when divided by the greatest 
common measure. To find the least common multiple of three num- 
bera, find the least common multiple of the first two, and find the least 
common multiple of that multiple and the third, and so on. 
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2640 


876. 864 


63071 


868, 8S4 


51948 




numbe™ ii a» follows, when the common meam™ are easily fiiible: 


Pick out a number of common measures of two or more, which hare 





divide eveiy number which will divide hy one or more of them. Bring 
down the quotients, and also the numbers which wit! not ditide li; anj 
of them. Repeat the proeeas with the results, and so on until Che num- 
bers brought dovn have no two of them any common measure except 
unit;. Then, for the least common multiple, multiply all the divisors 
b; all the numbers last brought down. For instance, let it be required 
to find the least common multiple of all the numbeisfrom 11 to 11. 
I, i, 3, 5, 7 )ti It 13 14 ij 16 17 18 i9 _ io II 
II I 13 I I 4 17 3 19 I I 

There are now no common meaaurea left in the row, and the least com- 
mon multiple required is the product of 1, I, 3, 5, 7, II, 13,4,17, 3, and 
19 i 01 331791560. 



101. Suppoae it requiied to divide 49 yards into five equal ports, or, 
nsit is called, to find the fifth part of 49 yarda. If we divide 45 by 5 
thequotientis9,Bnd the remainder ia4i that is (72), 49 is made do of 
5 times 9 and 4, Let the line a b represent 49 yards • 
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Tike 5 linea, c, D, E, F, aad G, each g jardi in length, and the linn a, 
4. jsrds m length. Then, unce 49 ia J nines and 4, c, d, e, f, o, and u, 
are together equal 1« 1 b. Divide a, which is 4 yards, into five equal 
parts, I, E, L, M, and H, and place one of these psits opposite to each 
of the lines, c, d, e, r, and a. It follows that the ten lines, c, d, b, 
F, e, I, 8, L, H, H, are together equal to a B, or 49 yards. Now d sjid k 
together are of the some length as c and i together, and so are b and L, 
F and M, and and N. Therefore, c and 1 together, repeated 5 times, 
will be 49 yards ; that is, c and i together mske up the lifth part of 49 

105. c is a certain Dumber of ^arda, viz. 9 ; but i is a new sort of 
quantity, to which hitherto we have never come. It is not an exact 
number of yards, for it SJises from dividing 4 yards into 5 parti, and 
taking one of those paits. It is the iiftb part of 4 yards, and li called 
a FBACTloN of a yard. It is written thus, - (33), and is what we mud 
add to 9 yards in order to make ap the fifth part of 49 yards. 

The same reasoning wonld apply to dividing 49 bushels of com, or 
49 acres of land, into 5 equal parts. We should find for the fifth part 
of the 6rst, 9 bushels and the liilli part of 4baBhe!s ; and for the second, 
9 seres and the fifth pact of 4 acres. 

We ssf, then, once for all, that the Mb part of 49 is 9 and ^ or 
9+5 ; which is usnally written 9-, or if we use signs, — ■- 9^. 



What is the seventeenth part of 1137 ? — Aiuaer, 71-i 
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106. Bjthe term bactioii ii nndeiBtood a paxt of uny number, 01 the 

sum of an; of the equal parti ioto ffhich a numbec is divided. Thus, 

— , -, — , are ftaction». The term fcaction even includes whole num- 
S S 7 17 w ?i 

be™;*fof enample, 17 !a —,—,—, &c. 

The upper number is called the niitaerator, the lower number is 
called the denominator, and both of these are called ttma of the fraction. 
Ab long aa the numerator is less than the denominator, the Jraction ia 
leas than a linit : thue, — is leae than a unit ; for 6 divided into 6 parts 
gires I for each part, and must give less when divided into 17 parts. 
Similarl;, the fetction is equal to a unit when the numeiatat and de- 
nominator are equal, and greater than a unit when the muneratin is 
greater than the denominator. 

107. Bf - is meant the third part of 1. This is the same as twice 
Uie third part of i. 

To prove this, let A B be two f ards, and divide each of the jards 1 c 
and c B into three equal parts. 



T-i 



Then, because a s, b v, and f b, are all equal to one another, a a ia 

the third part of 1- It is tberefbre -. But a e is twice a d, and a d 

I 3 I I 

is the third part of one yard, or ~ : therefore - is twice - 1 that is, in 

order to get the length ~, it makes no difference whether we divide two 

yaids at once into three parts, and la^e one of them, or whether we 

divide mt yard into three parts, and take Asa of tbem. Bj the same 

reasoning, ^ may be fbond either by dividing 5 into S parts, and laldng 

one of them, or by dividing 1 into 8 parts, and taking five of them. In 

future, of these two meanings I aboil use that which is most convenient 

at the time, as it is proved that thej are the same thing. TMs prin- 
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ciple ii the same as the following : The thitd part of tuy number maj 
be abtamed b; adding together the thirds of all the uniti of Thich it 
conostB. Thui, the third part of i, or of two units, is mode by taking 
one-third out of each of the imits, that ia. 



This meaniog appears ambiguoua Then the nomerator is greater than 
the denominator : thus, — would mean that i ia to be divided into j 
parts, and tj of them are to be token. We should here let as monj 
units be each divided into 7 parts oa »ill give more than 15 of those 
parts, and take 15 of them. 

108. The value of a fraction is not altered by mnltipljii^ the nume- 
rator and denominator b; the same qnontitj. Take the fraction -, mul- 
tiply its numemtor and denominator by 5, and it becomes — , which ia the 
same thing as - ; that is, one-twentieth part of 15 yarda is the same 
thing as one-fburth of j yards 1 or, if our second meaning of the word 
fraction be used, you get the same length by dividing a yard into lo 
parts and taking 15 of them, W jou get by dividing it mlo 4 parts and 
taking 3 of them. To prove this. 

I I M I M I I I • 1 I I I • I I M I 

A C D E B 

letA a represent a yard 1 divide it into 4 equal parts, 1 c, c r, D B, and 
B B, and divide each of the« parts blo 5 equal parts. Then A B is -. 
But the second division cuts the line into 10 equal parts, of which a e 
contains 15. It is therefore ~. Therefore, -^ and - are the Bame thing. 
Agiun, since - is made from ~i by dividing both the numerator and 
denominator by {, Che value of a fraction is not altered by dividing both 
its numerator and denominator by the same quantity. This principle, 
which is of BO much importance in every port of arithmetic, is often 
used in common language, aa when we say that 14 out of 11 is 1 ont of 
3, ftc. . 

109. Though the two fractions -- and — ore the same in value, and 
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•either of them majbe used For the othei without error, yet the fint ia 
mare cooTenient then the eecond, not oniy because fou have ■ clenrer 
idea of the fourth of three jaria than of the twentieth part of fifteen 
jarde, but because the numben in the first being amaller, are more con- 
venient for multiplication and diviuon. It is therefore useful, when a 
fiaction is given, to find out whether its nnmeralor and denominator 
have an; common divisois or common measures. In (SB) was given a 
rule for finding the greatest commoD measure of any two numbere ; and 
it van shewn that when the two numben are divided by their greatest 
common measure, the quotieala have no common measure except i. 
Find the greaten common measure of the terms of the fWtion, and 
diride them by that Dumber. The fiKctiaa is then said to be rediued » 
it* loaat term; and is in the state in which the beat notion can be 
fiumed of its magnitude. 



£794 ^ aaxia? _ w 

igji »3xii7 13 

1788 ^ I7"64 _ H 

4910 30K164 30 

93»oS 764""^ _ 7*4 

13786 " ii3xiii ■ 113 

SSSEoa 321140400 11 

40359600 " 999x40400 999 

9546? _ ""789 _ "11 
359784 " 456)1789 " 456 

110, When the terms of the fraction g^ven are already in fiictors,* 
any one l^tor in the numerator may be divided by a number, provided 
some one &ctar in the denominator is divided by the same. This fol- 
lows from (88) and (I OS). In the following examples the figures altered 
by division are accented. 



unbn which dlvidei It wlthool 






4, e. 8, ■(• belan otsi, > 
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«3«4 ^'S-i' "'xi'x-' " 

* 10x54x51 4'xffx4.' j'ki' 14' 16' 

17x18 3'x4' 3'<i' 6 

9x70 I'xio' I'xj' s' 

HI. As we can, by (lOS), mnltiplj the numeisUn and denominatoi 
of a fraction by any numbei, without altering it> latue, we can now 
readily reduce two fractions to two othen, whicli ihatt hare Uie same 
value as the ficst two, and wbich shall have the lame denominator. 
Ta^e, for example, - and - ; multiply both terma of - by 7, and both 
terma of— by 3. It then appears that 



7 7"J »" 

Here are then two fractiani — and — , equal to - and — , and 
haviDg the lame deaominator, * i ; in this ca«e, - and - ore uid to be 
rtdueed to a eomtium denaminalor. 

It is required to reduce — , j, and - to a common ' deDomioalor. 
Uultiplj both terms of the first bj the product of 6 and 9 ; of the se- 
cond by the product of iQ and 9 ; and of the tMrd by the product of 
10 and 6. Then it appears (108) that 

10 10x6x9 540 

1 i» ^"'""g nr ±1^ 



9 9x10x6 540 

On looking at then last fractions, we see that all the nuineiatoiB 
nd the common denominator are diiisible by 6, and (108) this division 
ill not alter theii values. Ou dividing the numeratora and deno- 
bioatoTS of—, ^i-^ and — by 6, the resulting ftactiona are,—- — 
id ^ These are ftncUont with a 
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are the aameaa — , 7, and-j imd therefore these are a more eimplo 

10 6 9 

answer to ths question than the £rst fractions. Observe also that 540 
is one common mnltiple of 10, 6, and 9, namely, 10x619, but that 90 is 
Ihe least common mnltiple of lo, 6, and 9 (103). The following pnh 

CBSH, thepefbre, is better. To reduce the fractions — , 7, and -, to others 

10 6 9 

having the same value and H common denominator, begin by finding the 
least common multiple of lo, 6, and 9, by the rule in (103), which is 
90. Observe tliat 10, 6, and 9 are contained Id 90 9, 15, and 10 times. 
Multipl}' both terms of the fiist by 9, of the second by ij, and of the 

third by 10, and the fractions thus produced ore -^, ~, and — , the same 
90 90 90 

If one of the aumbers be a Thole number, it may be reduced tn b 
fraction having the common denominator of the rest, hj (IDS). 



Fractions propuaed 




3 I 


6 


if i- i. 
30 30 30 


7 '4 


11 1 
11 4 


18 »+ 18 +8 6, 
8+ 84 84 84 8+ 


± J_ 


6 


3°°° ^0 5° * 


33 
379 


181 

677 


_"34' '06499 
156581 SS65SJ 



112. By reducing tiro fractions to a common denominator, ve are 
able to compare themi that is, lo tetl nhich is the greater and vihich 

the less of (he tiro. For example, take - and — . These fractions 

i IS 

reduced, without alteration of their value, to a common denominator, 
are — ajid — . Of these the jirst mtist be the greater, because (107) it 
mar be obtained by dividing i into 30 equal parts and taking 15 of them, 
but the second is made b; taking 14 of those parts. 

It is evident that of two fractions which have the same denominator, 
the greater has the greater numerator ; and also that of two fractions 
which have the same numerator, the greater has the less denominatoc. 
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Thns, - IB greater than -, unce the first is a 7th, and the last onl j a. 
9th part of 8. Also, Bny numerator may be made to belong to at small 
u fraction as we please, bj suffioientlj increaaing the denomiimtoT. 

Thus, — is — , — ^ is — , and —is- -(lOB). 

We can noir alio increage and diminish the first t^lion b; the 
second. For the flrtt fraction is made up of 15 of the 30 equal parts 
into which I is divided. The second fraction is 14 of those parts. The 
sum of the tiro, therefore, must he 15+14, or 29 of those parts; that 
a,~+I-ii ^. The difTerenee of the two must be 15—14, or i of thoea 

* ^K '.° I 7 " 

parts 1 that IS, -= ~, 

1 IS 30 
113. From the last tno articles the fblloving rules are obtained ; 

I. To compare, to add, or to subtract fractions, first reduce them to 
a common denominator. When this has been done, that is the greatest 
of the fractions which has the greatest numerator. 

Their aum has the sum of tlie numerators for its numerator, and the 
common denominator for its denominator. 

Their difference has the difTerenee of the numerators for its nume- 
rator, and the common denominator for its denominator. 



7 '3~ 9' 

1 16 iSE 2 511 33i 459001 

114. Suppose it required to add a whole number to a fraction, ffiir 

eiample, 6 to 1 Bj- (106) 6 is ^, and ^+^ is ^ 5 that is, &4, or aa 

■^5 4 (8 9 999 9 

it is usually written, 6^, is —. The rale in this case is: Multiply the 

whole number by the denominator of the fraction, and to the product 

add the numerator of the fracdon ) the sum will be the numerator of 

the result, and the denominator ot the fi'action will be ita denominator. 

Thus, 3- - — , "- = — , 74^ ■" ^^—- This rule is the opposite of 

that in (IDS). 
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66,J^ i, i:^ and ^i-^ h ^^. Hence, wh™ «°Xle 
number u to be added to a fraction whose denaminaloi is I fbUowed hj 
tipAen, the number of which is not less than the number, of ./{jncvf in 
the DUDierator, the rule is : Write the wbole number Grat, and then the 
Dumerstor of the fisctjon, with as man/ ciphera between tbem as the 
number oiciphert in the deDominator exceeds the number affyuret in 
the Domerator. This is the numeralor of the result, and the denomi- 
aalor of the fraction is its denominator. If the number of ciphers in 
the denominator be equal to the number of figures in the numerator, 
write no ciphers between the whole nambei and the numerator. 

Reduce the following miied quantities to fractions: 1 -, 1457—, 

1107 — — , and 111 -. 

10000000 ■'10000 J 

116. Suppose it required to mulliplv- bv 4. This by (48) is taking 

1 2 12X3 t 

-fbur times; that is, finding -+1—1— . This by (112) ia-j so that to 

3 *3 3 3 3 ^ ' 3 

multiply a fraction by a whole number the rule is; Multiply the nii- 

merator by the whole number, and let the denominator remain. 

117. If the denominator of the fraction be divisible by the whole 
niunber, the rule may be slated thus; Divide the denominator of the 
fraction by the whole number, and let the numerator remain. For 
example, multiply — by 6. This (116) is —7, which, since the numerator 
and denominator are now divisible by 6, is (103) the same as J. It is 

7 7 

plain that - is made from — in the manner stated in the rule. 

' 116. Multiphcation has been defined to be (he taking as many of 

one number as tbere ore units in another. Thus, to multiply 11 by 7 

ii to take as many twelves as there are unila ui 7, or to l*ke 12 ag many 

times as }ou must take i in order to make 7. Thus, what is done with 

I in order to make 7, is done with ix to make 7 times 11. Foreiamplt^ 



e thing is doDE with (wo fractions, the remit is still 
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called their product, and the process ia Mill called muUi plication. There 
is thia difference, that whereas a whole numbei is made by adding i to 
itaelf a number of tunea, a fraction ia made by dividing i intoanumber 
of equal parts, and adding one af these parlt io itself a number of times. 
This being the meaning of the word multiplication, as applied t« frac- 
tions, what is - multiplied by ^ ? Whatever is done with i in order to 
make - must now be done with - ; but to make -, r ia divided into S 
parts, and 7 of them are taken. Therefbre, to make -x^, - must be di- 
vided into 8 parts, and 7 of them must be taken. Now -iSjbyflOS), 
the same thing aa — . Since ~ is made by dividing i into 31 parts, and 
taking 14 of them, or, which ia the same thing, taking 3 of them 3 times, 
if— be divided into S equal parts, each of them ia ~ ; and if 7 of these 
parts he taken, the result ia — (116] : therefore - multiplied by ^ is — ; 
and the same reasoning may be applied to any other fractiona. But 
~~ is made from - and - by multiplying the two numeratom together 
fbr the numemtor, and the two denominators for the denominator ; 
which fumisbes a rule fiir the multiplication of frac^ons. 

119. If this product — is to be multiplied by a third fraction, foi 
example, by -, the result is, by the same rule, —^ ; and ao on. The 
general rule tor mul^plying any number of fractiona together is therefore: 

Multiply all the numerators together for the numerator of the pro- 
duct, and all the denominators together for its denominator. 

ISO. Suppose it reqiured to mnltiply together -| and — . The pro- 
duct may be written thus : —^ — , and is -7-, which reduced to its lowest 
terms (109) is-. This result might have been obtsined directly, bj 
observing that IJ and 10 are both measured by 5, and 8 and 16 are both 
measured by t, and that the fraclJon may be written thua: — . 

Divide both its numerator and denominator by 5x3 (108) and (87), and 
the result is at once - ; therefore, before proceeding to multiply any 
nninbet of fractiona togetlier, if there be any numerator and any deno- 
minator, whether belonging to the same fraction or not, which have a 
common measure, divide them both by that common measure, and use 
the quotients instead of the dividends. 
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k vhole number maf b« consideied at a fraction nhoK deaomtnatoi 
it 1 ; thus, t6 is — (106) i itnil Che ume rule Till apply when one or 
more of the quantities are whole numbem. 



747o' 


268 36448 
919 6864,930 


34.314*5 


ivK-:' 


i?^"?? 


59 7 '9 


6166 
"7847* 


23_^6c.. _ 7£n 
461 1. ~ 5071 


POpOMfl. 


SquBB. 


Cube. 


S8 


49 '4° I 
1496+ 


344471 lOI 

39443" 


40 


i^ 


1803x11 


'3 


136015 
IZ769 


44738875 
1441897 



From 100 acres of ground, tiro-thirds of them are taken awaj ; jo 
acres are then added Co the result, and - of the whole is taken ; vhat 
namber of acres does this produce ? — Aniaer, 59 — . 

121. In dividing one whole number bj another, for example, loS 
bf 9, this quettion is asked, — Can we, by the addition of any number 
of nines, produce loS? and if so, how manj nines will be sufficient for 
that purpose? 

Suppose we take two fractions, for example, - and -, and ask. Can 
we, by dividing - into some number of equal ports, and adding a num- 
ber of these parts together, produce - P if so, into Aoed tnony partt must 
we diride ~, and baa manji (/ Ihem must we odd together? The 
solution of this question ie Mil] called the divimon of - by - i and the 
fraction nhose denominator is the number of parts into which ~ is 
divided, and whose numerator is the number of them which is taken, 
is called the quotient. The solution of this question is as follows: 
Beduce both these fisctiona to a common denominator (ill), which 
does not alter their volue (108) ; they then become — and — . The 



queation now is, to divide — iatoo niimber of parts, and to pioduce — 

bjr taking a number of these parts. Since ^~ is made by dividing i 

into :s parts and taking ii of thein, if we divide — into ii equal 

parts, eacb of these parts is — ; if ve take lo of these parta, the result 

is — . Therefore, in order to produce — or - (108), we must divide 
II "5 4 . IS 3 lo 

— or - into II parts, and take lo of them; that is, the quotient is — . 

If we call - the dividend, and - the divisor, as before, the quotient id 

this case is derived ftom tlie following rule, which the same reasoning 

will shew to applj to other oases : 

The numerator of the quotient is the numeiator of the dividend 

multiplied by the denominator of the divisor. The denominator of the 

quotient is the denominator of the dividend multiplied by the numerator 

of the divisor. This rule is the reverse of muMplication, as will be 

Been by comparing what is required in both cases. In niultip!} ing - 

by — ,1 ask, if out of- be taken lo parts out of ii, hour much itfa unit 

is taken, and the answer is ~-, or -. Again, in dividing - by -, I ask 
4. I *° 3 lo 3 5 

what part of - is -, the answer to which is — . 
S3 " 

122. By taking the following instance, we shall see that this lule 

can be sometimea simpb'iied. Divide — by — . Observe that iG is 

33 'S 
4^4, and ^i is 4x7 ; 33 is 3KII, and 15 is 3x5 ; therefore the two frac- 
tions are and i— -, and their quotient, according to the rule, is 

-, in which 4x1 is found both in the numerator and denominator. 

3x11x4x7' ^^ 

The fraction h therefore (lOB) the same as -^-^, or — . The rule o( 

JIX7 77 
the last article, therefore, admits of this modilication ; If the two nume- 
rators OF the two denominators have a common measure, divide by that 
common measure, and use the quotients instead of the dividends. 

123. In dividing a fraction bj a whole number, (or example, - by 
IS, consider 15 as the fraction — . The rale gives ^ as the quotient. 
Therefore, to divide a frac^on by a whole number, multiply the deno- 
minator by that whole number. 
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£ 1x1- J xi- 

-, Had '-^-^ — ^^-^? 



A can reap a Geld in ii daji, B in 6, and C in 4 days ; in what tims 

can thej all do it logetlier?* — Atuteer, 2 days. 

In what dme would a cistern be filled by cocks nhich wonld lepa- 
ralely lill it in la, 11, 10, and hours? — ^nnoer, i^ hours. 

J24. The principal regulta of this section maj be exhibited algcbru- 
Callj Bi follows ; let a, b, c, &c. stand for any vrhole numb«ta, Then 

(107) l-ix. (loi) :" 



\.IVI) 


i-r- 


^'""j -r-^Tb 


(111) 


^ and ^ are tbe a 


ad , be 
«»eas^and- 


(112) 


a b a+b 


a_i_o-i 


(.in) 


b^d" bd 


a ai-hc 
b d" bd 


(118) 


b*d~Td 


(121)|diH.bj^or4- 



■ The nwtliDl of mItIdk lldi md the (tOlawliit; qneMioi] nur be itiawn tbu : I 
thEnmnberofdiyi In which each cssld n^ theedd la given, tlu pan which end 
could do In a day by hbnHelf can be found, and t^nce the pait which bH oould di 
togelbCT ; thl^ being hnown, the numbez of dayi which It would take all to do thi 
wbotc an he lOund. 
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125. These results are true erea Then the letteia thenuelies te- 
jireacut &HCtioaB. For eiample, take the flncdon — , whose numerator 
and denominator are fractional, and multipt; its numerator and deno- 

Hhicb, dividing the nnmeiatei and denominaloi bjr ef (108), is -r-. 

But the original fiaction itself is — ! hence — = — p which cone- 

Bponds to the second fonnula* io (124). In a similal maimer it maj 

be shewn, that tbe other fbrmula of the same article are true when the 

letters there used either represent fVactions, or are removed and factions 

introduced in their place. All formula established throughout this 

woik. are equally true nhen Actions are substiluled for whole numben. 

For example (.Si), (111+11)0 =■ ma+na. Let m, n, and a be reapectively 

the fractions ?, -, and -. Then m+n is ^ + -, or ?^^. and {>n+n)o is 
5 J g , p 

gj^-^.or '^^^^ or ?"*^ But this (112) is Pf^+i!*, which 
qa e qsa g«i jio gw 

. pb rb . psi pb , orb fS _ pi pi , rt 

IS— +— , aince!-- = — , and^— - — (108). But " = -x-, and — 
ge se . gse gc gas to qc g e lo 

-^x*. Thetefbre(™4„Ko^('^ + -)--=^=<*+^'. In a similar man- 
« c \g tie q e t a 

ner the some ma; be proved of anjr other fonnula. 

The following examples may be useful ; 

s'^S*/"* ai^+bdeg 



nhich ia mnnunlynKd. 
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Tbe niles that have been proved to bald good far all n 
be applied Then the noiDbets are repreeented bf lettere. 



SECTION VI. 



126. We have seen (112) (121) the neceaaity of reducing IractioDS 
to a comman deiiaininBtor, in order to compBre their magtiitadea. We 
have Been also hov much more readily operations are performed upon 
fractions which have the same, than upon those vhich have different, 
denominaton. On this account it has long been cuatomaryf in all those 
parts of mathematlca vheie tractions are often required, to use dodo but 
such as either have, or can be easily reduced to others having, the same 
denomiuBtorB. Now, of all numbers, those wbicb can be most easily 
managed are such BB lo, loo, loos, fee, irbere i is followed by ciphen. 
These are called DECiiui. HUHBSBS ; and a fraction whose denominator 
is any one of them, is called a dkcimu. riuciloN, or more commonly, a 



127. A whole number may be reduced lo a decimal fraction, or one 
decimal fraction to another, with the greatest ease. For example, 
„ i, ^, ., 'J^, „^ (loj) i i i, £, .,^, 0,^ (1»8). 
The placing of a cipher on the rigbt hand of any number is the same 
thing as multiplying that number by lo (57), and this may be done as 
often as we please in the numerator of a fraction, provided it be done as 
oft«n in the denominator (IDS). 

128. The next question is, How can we reduce a Qrsction which is 
not decimal to another which is, without altering its value ? Take, 
for example, the fraction — , multiply both the numerator and deno- 
minator successively bj lo, loo, looo, &.C., which will give a series of 

t^Ci-^ ».k .f .U* 1. .quJ loi (IM), ™. ^, ^. 1^. 
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-h , &C. Tha denominator of each of these fraction* can be diyided 

without remainder bj i6, the quotients of which dinuoDS fbim the series 
of decimal nnmbarB lO, loc, icxio, loooo, &.C. If, therefore, one of the 
numerators be diriaible by i6, the fraclion to which that numerator be- 
longs has a numerator and denominator both divisible by i6. When 
that division has been made, which (108) does not alter the value of 
the fraction, we shall have a fraction whose denominator is one of the 
series lo, loo, looo, Slc, and which ia equal in value to -^. The ques- 
tion is then reduced to finding the first of the numbera 70, 700, 7000, 
70000, So., which can be divided by 16 without remdnder. 
Divide these numbers, one atler the other, bj 16, as follows : 

16)70(4 16)700(43 16)7000(457 16)70000(4375 

64 64 64 64 



It appears, then, that 70000 is the first of the numerators which ia 
divisible by 16. But it is not necessary to write down each of tfaeeo 
divisions, since it is plain that the last contains all which came before. 
It will do, then, to proceed at once as if the number of ciphers wei« 
without end, to stop when the remainder is nothing, and then count the 
number of ciphers which have been used. In this case, since 70000 ia 
16x4375, -^ .which is ^^'' ^ or -ii^, gives the fractioD required. 

Therefore, to rednce a fraction to a decimal fraction, annex ciphera 
to the numerator, and divide by the denominator until there is no re- 
mainder. The quotient will be the numerator of the required fraction, 
and the denominatoc will be unity, followed by as many ciphers as Were 
used in obtaining the ijuotient. 
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Reduce to decinuil frBclimui 






129. It will happen m moit coses that the anaezing of riphers to 
the numerstot iriU neier make it diviubte b/ the denaminatar without 
lemaindei'. For example, tiy to reduce - to a decimal ftaction, 
7)' 



141857142857 143857, 4c 

The quotient here is a continual repetition of the flguicB i, 4, 1, 

8. c. 7. in the sama ordei : therefore - cannot be reduced to a dedmal 
. i. /. J 

fraction. But, nevertheleM, if we take at a numeratoc an; number 

of Egnres from the quotient 142857142857, &.c,, and as a denominator 

I fbllowed b; as manj dphen aa were used in making that part of the 

quotient, we shall get a fraction which difl'era yaj little from -, and 

which will differ aUll lew &om it if we put mare figures in the nnmerator 

and more dphara in the denominator. 



Thus. 



n.i».J, 

( than} 7 



j_ (which is not so) 
7° ( much as J 



100 ■ ■ 


?■■ ' ?'>« 


■^^ . . 


I 6 

7 ■ ' 7=00 


J4^ _ 


7 * 70000 " 


41857 


7 ■ 7<»«« "io 



&c. 



&c. &c 



&.C 






In the first column is a aeries of decimal icactians, which come nearer 
, as the third column shews. Therefore, though we can- 
lot find a decimal fraction which ia exactly -, we can find one which 
liStn from it as little as we please. 



F ABITHUBTIC. § I19-131. 

Ttiii may also be itluitrated thus ; It is required to reduce - to a 
decimal fractioa witliDut tbe ernn of bb; b millionth of a unit ; multiply 
IT and denomioatar of- by a million, and than divide botli 
e haTe then 



If we rejeet the ftaction - in the nnmerator, what wo reject is l«Bll]r 
the7(h part of the millionth part of b unit ; or leas than the milLonth 
part of a unit. TheKfore — — — ia the fraction required. 



Usks mmilor tables with ) 3 
theae fiactioiw ( gt' 



is 329670,3x9670, &C. 
...ii8ggi,iigggi,&c 



... 4O4E5Si9959;i4i70o,^ci485Ei &C. 

130. The reaaon for the rwurrenoe of the figure* of the quotient 
In the same order ia as fallows: If 1000, &e. be dinded by the nomber 
147, the remainder at each step of the diiiaion is lem than X47, being 
either o, or one of the firat 146 numbers. I^ then, the remainder never 
become nothing, by carrying the ditisioii Ikr enough, one remainder 
wilt occur a second time. If possible, let the Gnt 24.6 remainders be 
all diffemt, that is, let them be i, 1, 3, &c., up to 14.6, Tariously dis- 
tiibul«d. As the 147th remainder cannot be so gteat as 247, it must be 
one of these which have preceded. From the step where the remainder 
becomes the some as a former remainder, it is evident that former figures 
of the quotient must be repeated in the same order. 

131. You will bere natundly ask. What is the use of decimal frac- 
tions, if tbe greater numbet of fractioni cannot be reduced at all to 
decimals ? The answer is this : The addition, subtraction, multiplica- 
tion, aud division of decimal fractions are much eader than those of 



^Gooi^lc 



8 i3i-i3». 

coounon fractiinia ; and thougli va caanot leduce all common fractioiu 
to decimals, jet ire can find decimsl frBctiona so neat to each of them, 
that the enor ariiing from naing the decimal instead of the common 
foicUon will not be perceptible. For eiampla, if we Euppoae an inch 
to be divided into ten million of equal paits, one of thoie parts b; iUelf 
nill not be riiible to the eye. Tbece&ie, in Ending a length, an emn 
of a ten-millionth part of an inch ia of no conBequence, even where the 
finest measurement ia nece»sair. Now, bj carrying on the table in 

(128), we shall see that '*^ ^^' does not differ from - bj ; 

and if these factions represented parts of an inch, the first might be 
nsed for the second, sjoce the dilTarence is not perceptible. In applying 
aiithmetic to practice, nothing can be measured so accurately as to be 
lepresented in numbers without any error whatever, whether it be 
length, weif^t, or any other species of magnitude. It is therefore un- 
necessary t« use an; other than decimal fractious, unce, by meaoj of 
them, an; quantity ma; be represented with as much coirectnees as by 
■ny other method. 



Find dedmal fisctious which do not differ &om S\e following bao- 

i_^«-r,-"""", I ;;i-^,^.J*2?i. 

3 lOOOOOOOO j 355 lOOCOOOOO 

4 57i4»857 355 314.15929' 



132. Ever; decimal may be immediately reduced (o a quantity con- 
usting either of a whole number and more simple decimals, or of mora 
simple decimals alone, having one figure 
Take, for example, ^4^. B; (116) 

ja6 is made np of 300, and ao, and 6; by (112) — — — -3 — h + 

— . But (108) ^^ is i-, and -^ ia — . Therefore, ilZlll i, 

made up of 147+-^-*--- — t . Now, take any number, for example, 

147326, and form a number of fractions hating for their Dumeraton this 
number, and for their denominators i, 10, 100, 1000, loooo, Ac, and 
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radace these fractions into numbers and more simple decuoKli, la Uie 
(br^oing maonec, sbich will give the table below. 



DECOMPOSITION OF A DECIMAL FRACTION. 



lO 


' 10 








147316 _ 


> 6 
■471+— + — 








'473^6 _ 
1000 


■*'-L\l\L 








147316 


,,.,', 5 , * , 


6 






loooo 


■ * 10 100 lOtlO 


10000 




147316 


. ,t.i.+_L+-l-+ 


1 


6 




looooo" 




lOODO 


100000 




I473»6 _ 


'+ * + ^ + 


■3 ,, 


3 


6 




■ ■ ■ 10 lOD lOOO 


JOOOO 


10000c 


lOOOOOO 


147316 


14 


7 


3 


1 ' 1 * 


oocoooo 


* ' ' * 100 1000 


iccco* 


lOOOOO 





N.B. The shideut should write this table b 
« make limilai tables from the following eierci 



self, and then proceed 



Iteduce the fbllowing tactions into a eerie 
simple fractions : 

31415916 31415916 



of Dumben aud more 



133. If, in this table, and othera made in the same maDner, fou look 
at those fracUoDB which contain a whole number, yoa will see that the; 



fi i33-'34- 

maj be made ihoi : Mark off, tiom the right hand of the D 

im muTij figUTei as there Ore ciphert in the denominator by a point, oi 

anj other convenient maik. 

This will giie i+73i'6 when the fiaotion ia -^ — 



The figures on the left of the point by themBelres make Ihe whole 
number which the &BctioD contAJng. Of those on its right, the first is 
the nrnnemtor of the fiaction whose denominator is lo, the second of 
that whose denominator is loo, and so on. We now come to those 
ftactiona which do not contain a whole number. 

134. The first of these is '^'^^ , in which the number ot ciphers in 
the denominator is the same as the number offiguret in the numerator. 
If we stiit fbllow the same rule, and mark off all the figures, by placing 
the point before them all, thus, '147316, the obserration m (133) s^l 
holds good ; for, on looking at - ^^^^ ■ in the table, we find it is 



e find by the table to be 



Tn this, I is not divided by 10, but by 100 ; if^ therefore, we put a 
point before the whole, the rule is not true, tin the first figure on the 
led of the point has the denominator which, according to the rule, the 
fwcond onght to have, the second that which the third ought to have, 
and so on. In order to keep the same rule for this case, we must con- 
tiive to malie i the second figure on the right of the point instead of 
the first. This may be done bj placing a cipher between it and the 
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poiDt, thus, 'ai47]iS. Here the rule holds good, for bj that rule tbia 
fraction is 



which ig the same aa the preceding line, since — is o, Knd need not be 
reckoned. 

Similatlf, when there are two ciphers more in the denominator than 
there are Sgaree in the numerator, the rule will be tme if we place two 
ciphera between the point and the numerator. The rule, therefore, 
stated full;, JB this : 

To reduce a decimal fraction to a whole number and more mmple 
decimals, or to more mmple decimals alone if it do not contain a whole 
number, marl off b; a point as manj figure* from the nnmemtor as 
there are ciphers in (he denominator. If the numerotor have not places 
enough fbr this, write as man; dpheis befbre it as it wants places, and 
put the point befbre these ciphers. Then, if there be anf figures before 
the point, they make the ahole Rumin- which the fraction contains. 
The Erst figure afler the point with the denominator lo, the second with 
the denominator loo, and so on, are the fiaelioiu of which the first 
fraction is composed. 

13S. Decimal frsdions aro not nsnallj written at Fiill length. It ia 
more convenient to write the numerator only, and lo cut off from the 
numerator as man; figures as there are ciphers in the denominator, 
when ^at is possible, by e, point. When there are more ciphers in the 
denominator than figures in the nnmeiator, as many ciphers are placed 
before the numerator ss will supply the deficiency, and the point is 
placed befbre the ciphers. Thus, 7 will be used in future to denote 
— , "07 for — , and so on. The following tables will gi™ the whole of 
this notation at one view, and will shew its connexion with the decimal 
notation eiplained in the first section. You will observe that the 
DDmbers on the rigbt of the units' place stand for units dieided by 10, 
100, 1000, &C, while those on the left are units multiplied by 10, iido. 
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The student ii Mcommended alwafs 1« viite Ibe deebuU paint in 
> line with the top of (he figures or in the middle, u ii done here, and 
never at the bottom. The reuoa ii, that it ii unul in Ibe hi^ef 
branchee of mathematica to use a point placed between two nnmbert 
or letttf!* which are multiplied together ; thua, 15.1t, a.t, a*bje*d Mand 
for the pmdnet* of thoee nmnben or letten. 



Aii\l ill f|l 

s s ^ ^ 
I 5 SI- 8|- 



\\l ill III §11 =11 

s s s 

• lis lis 51- 



: o|- 5|" 51- 
sj- gi» gj- 11* 
ii" 11- iv 
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PRINCIPLES OF ASITHITBTIC, 
I 1 is looo inches 



IV. In 1134-56789 
incheB the 



1 36. The ciplieni on the right hand of tbe decimal point gerre the 
ume pnrposeai the ciphers in (10). They are not counted aaaaj thing 
themselves, but Berve i^ shew the place in which the accompanjing 
numbers stand. They might be dispenaed with by writing the numbers 
in ruled columns, as in the Brat section. They are diatinguiahed from 
the numbers which accompany them by calling the latter liffaffitumt 
_^gttrei. Thus, '0003747 '^ >> decimal of seven places with four aigni- 
licant figures, -346 ia a decimal of three places with three ugnificant 
figures, &c. 

137. The value of a decimal is not altered by putting any number 
of ciphers on its right. Take, for example, -3 and '300. Thefiist(13S) 

is — , and the second , which is made from the first by multiplying 

both ita numerator and denominator by 100, and (108) is the 8am« 
quantity. 

13s. To reduce two decimals to a common denominator, put as many 
ciphers on the right of that which has the smaller number of places as 
will make the number of places in both fractions the same. Take, 
for eiample, -54 and 4-3197. The fiist is — , and the second 51^. 
Multiply the numerator and denominator of the first by loo (108). 
which reduces it to — — , which ha* the same denominator as — ^ . 
— is '5400 (135). In whole numbers, tbe decimal point should 
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be placed at the end : thus, 129 should be written 129'. It is, however, 
usual to amit the point ; but jrou must recollect that ii; and iigooo 
are of the same value, ainee the firat ia 129 and the second — ~ — -. 

139. The rules which were given in the last chapter For addition, 
■ubtractioa, multiplicatioa, and diviaiou, appi/ to all fiactions, and 
therefore to decimal fractiona among the reat. But the waj of writing 
decimal frectiODe, which is eipliuoed in thia chapter, makea the appH- 
catian of these rules more simple. We proceed to the different cases. 

Suppose it required to add 4a'634,+5'a8o6, 2-ooi, and 54, By (112) 
these must be reduced to a common denominator, which is done (188) 
bj writing Ihem as follows: 4J'6j+o, 4S'2Ko6, I'ooio, and S4'ooco. 
These are decimal fractions, whose numeratore are 4.16340, 4,;28o6, 
looio, and 540000, and whose common denominator is loooo. By 
(IIJ) Itai, .■«, I, ■Mtw»4i.«o6«.o...tS4°«°^ ,„^ ^ il22^ 
or I4]'9i5e. The simpleat waj of doing this is as follows ; write the 
decimals down under one another, so that the decimal points may &11 
Dudei one another, thus : 

41-654 
45-z3o6 



143-9156 
Add the dtSerent columns together as in common addition, and place 
the decimal point under the other decimal points. 



What are i5i7-i-64-7 31094+1-00 ij+'oooo 1974 ; 
ii76-3+-i07+-9-n6-3i724-5673rooi ; 
and i'ii+77-f-oo394'ooi42+-383! ? 

AattetT, i;93-7334iJ74, 59°iS'^i*, 9"''99"- 
140. Suppoae it required to subtract 91-07314 from 137-321. These 
fractions when reduced to a common denominator are 91-07314 and 
^^ 13732100-9107314 

ir 46*14776. This may he most simply done as fol- 
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lovi : write the leas nnmbei under the gnaUi, to that ita dedmal point 
may &II under that of the greater, thui : 
1J7-JII 
91-07 J14 
4614776 
Subtract the lower from the uppet line, and wheieTCC there is a figure 
in one liaeand not in the other, proceed ai if there vare'a cipher in the 
vacant place. 



What is iij6i— 274'iiio7+'j ; 

9976-207 J94i--oo 143976718; 
and i'i+'O3+-004— "0005 ? 

Aatttia; iio88'*7893, ^76-10595443171; and i'lJ3S- 
Hl. The multipliealaon of a decimal by 10, 100, 1000, &c, i> per- 
formed bj merclf moring the decimal pomt l« the idght. Suppose, for 

example, 13-1079 ia to be multiplied b; 100. "Che dedmal is ^ 

which molliptied by too is (117) — — ^ or i3lo-79. Again, i-jogx 



.00000 is ^icoooo. or (lie) '^^ or 130900. From these 
and other instances we get the following rule : To multiply a decimal 
traction bj a, decimal number (126), move the dedmal point as many 
places to the right as there are ciphers in die dedmal number. When 
this cannot be dime, annex ciphen to the ri^t of the decimal (137) ontil 

142. Suppose it required to multiply i7'o3ti by 417. The first of 
these decimals is , sad the second ^zZ, flj (1 la) the product of 

these IVactions has for its numerator the product of 17036 and 417, and 
for its denominator the product of looD and 100 ; therefore this product 
is '*'' ., or 71-74371. This maybe done more shortly bymultiply- 
ing the two numbers 17036 and 437, and cutting ofi' by the dedmal 
point as many places as there are dedmal places bath in 17*036 and 
4-17, because the product of two dedmal numbeis will contain as many 
ciphers as there are ciphers in both. 
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143. This quettion now arisea: What if there should not be lu 
inaii<r figures in the product as there ore decimal places in the multiplier 
and multiplicaud together? To see what miiBt be done in this ease, 

multiply '171 bj 'loi, or -J— bj , The product of theee two is 

- '^^•'' , or -017371 (135). Therefore, when the number of places in 
the product is not sufficient to altov the rule of the hist article to be 
followed, as msn^ cipheis must be placed at the beginning as will make 
Dp the deficiency. 



g»-qz 




68757164 


■0173 




■00019919 


'■+3 




10449 


■009 




■ooooSi 


i5'6ksx 


6+ = 


1000 


.■561s- 


■64 = 





3-QOiX3-ooa = 3K3+ix3.<-oo;+-ooix-om 
ii-s6o9!(i-3i9i = B"44>i8-44— 3'ii09)(3-iio9 
3-117x10-001 — Siio4-E'-oot-fiOK-ii7+'ooii<ii7 

PricUon. Square. Cube. 

J70.35-13308S 
•000005177717 
1-914107 
■000000719 
•IS615X -64 - -I 
iS6i-5x-o64- 100 
■oi56i5.<'oo(4 = 'oooi i56i;oooK'o64 •> loooooo 

114. The diiiiion of a decimal by a decimal number, such as 10, 
100, 1000, &C., it performed by moving the decimal point as many 
places to tbe left as there are ciphers in the decimal number. If there 
are not places enough in the dlTidend \a allow of this, annex ciphers 
to the beginning of it until there are. For example, divide 1734-119 
by 1000 : tbe decimal &aclion is -^^ — -, which divided by 1000 (123)' 
is - "^ % or I-734115, If, in the same way, 11106 be divided by 
loooo, the result is -oooiiiofi. 

145. Before proceeding to shorten the role for the divisiOD of one 
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decimal fiscljan bj another, it will be neceMsry to resume vhat was 
sojd in (I2S) npon the reduction of hdj fraction to a decimal fraction. 

It WM there iliewn that -^ is the stune fraction as or -4375. 

As another example, convert ~=— into a dedmal fraction. Follow the 
tame process as in (128), thus ; 

I 18)300000000000(234375 4J0 

156 384 

440 960 

Sia 640 

480 
Sines 7 ciphers are used, it appears that 30000000 is the first of the 
series jo, 300, Ac, which is dirisible bj iiE; and therefore ~~, 

or, which is the same thing (108), ^°°°°°°^ - is equal to .-^MZl, or 

* ^ ' 1180000000 10000000 

■0134375 (135)- 

From these examples the rule for reducing a fraction to a decimal 
is: Annex ciphers to the numerator; diiide by the denominator, and 
annex a cipher to each remainder after the Rguies of the numerator are 
all used, proceeding exactlf as if the numerator had an imlimiled num- 
ber of ciphers anneied to it, and was to be divided by the denominator. 
Continue this process until there is no remainder, and observe how manj 
cipheia have been used. Place the decimal point in the qnotieni so as 
U> cut off OB man; figures as jou have used ciphers ; and if there be 
not figures enough for this, annei ciphers to the beginning until there 
ore places enough. 

14G. From what was shewn in (139), it appears that it is not every 

fiaclion whicli can be reduced to a decimal fraction. It tint there 

shewn, however, that there ia no fraction to vhich we msy not find a 

decimal fraetion aa near as we please. Thus, — , -^. -^, -11^, 

, &C., or "1, "14, '141, "liiS, 'I4a3<, were shewn to be fractions 

100000 < -ri t-< t > -r It 

which approach nearer and nearer to -. To find either of these frac- 
tions, the rule is the same as that in the last article, with this eiception. 
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that, I. lostcad of itopping when there is no lemalndei, whidi oerer 
happens, stop at any pait of the process, sad make at many decinia] 
places in the quotient aa are equal in Dumber to the number of cipher! 
vhich have been used, annexing ciphera to the beginning when this can- 
not be done, as before. II. Instead of obtaining a traction which is 
exactly equal to the fraction from which we set out, we get a fraction 
which is very near to it, and may get one Hill nearer, by using more 
of the quotient Thus, ■1418 is lerj near to -, but not so near as 
'1418 57 ; nor is this last, in its turn, so near as 'I4i8;7 141857, &c 

U7. If there should be ciphers in the numerator of afiacdon, these 
must not be reckoned with the number of ciphera which are necessary 
in order to follow the mle for changing it into a decimal iVaction. Take, 
fbr example, ' — -; annex ciphers to the numerator, and divide by the 
draiominalor. It appeals diat 1000 is divisible by 1x5, and that the 
quotient is 3. One cipher only has been annexed to the numerator, and 

therefore 100 divided by ix; is 't. Had the firaction been , since 

1000 divided by ii; gives 8, and three ciphers would hare been annexed 
to the nnmerator, the fraction would have been 'ooS. 

148. Suppose that (he given fraction has ciphers at the right of it£ 
denominator; for eiample, . The annexing a cipher (n the nu- 
merator is the same thing as taking one away from the denominator ; 

for, (108) -^ is the some thing a» -11, and ^ as ^ The role, 

1500 ijo 150 1; 

therefore, is in this case : Take away the ciphera from the denominator j 
■luiBi cyphers to the muaerator ; proceed aa before ; and in counting 
how many cyphers have been used, reckon not only the cyphers which 
have been annexed to the nnmerator, but also those which have been 
taken away from the denominator. 



Seduce the fbltowing fractions to dedmal factions : 



800* liso' 64' »i3* 

Jnnrar, 'ooiis, -0188, 4-640625, and ■00781*5, 
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17 156 »1 194 1637 I ■ ^^ ■i 

49' 33 • J7000' 13 ' 9907' T^' 466' Z77 

Jniusr, -551020, 4717171, -000594, 14-913076, -*66i75, -000343, 
-oo»i45,Bnd '010830. 

149. From (121) it appean, that if two fractions hare the same 
denominator, the first maf be divided bj the second hj dividing the 
nomeialoi of the first bj the niunarator of the second. Suppose it 
required to divide 17-761 by 615. These fractions (138), when reduced 
to a common denominator, nre 17-761 and 6150, or — and — —. 

Their quotient is therefore -^ — , which must now bo reduced U> a 

6150' 
dediaal fraction bj the last rule. The procem at full length is as 
follows: Leave out the cipher in the denominator, and annex ciphers 
to the numerator, or, which will do as well, to the remainders, when it 
becomes necessary, and divide as in (U^)- 

6»5)'776*C*84i9i Here four ciphers have been aoneied to the 

J numerator, and one has been taken &om the 

denominator. Hake five decimal places in the 

quotient, which then becomes i-E4i9Z, and this 

ii the quotient of i7'76i divided by 6-15. 

ISO. The rule for division of one decimal by 

' £25 another is as follows; Equalise the number of 

,,.g decimal places in the dividend and divisor, bj 

5615 anneiing ciphera to that which has fewest places. 

ii;o Then, further, annex as maitj ciphers to the 

'^^° dividend * as it is required to have decinwl places, 

° throw away the decimal point, and operate as in 

common division. Make the reqniced number of decimal places in 

the quotient. 

Thus, to divide 6-7173 hy *oi4 to three decimal places, I first wrne 

6-7173 and '0140, with fbur places in eachi Having to provide for three 

deciiaal places, I should annex three ciphers to 6-7173 ; but, observing 

* Or Kmove c!pbcn fram thedlviur; or make up (be number oTdphen putlf 
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that the diviBor '01413 has one cipher, I strike that one out tud annex 
two dphera to 6^173. Throwing awaj the decimal points, then divide 
6717 joo bj 014 or 14 in the usual wa^, which giies the quotient 479^07 
and the remaindeF s. Hence 479*807 is the answer. 

The common rule is : Let the quotient contain as monj dedmal 
places as there are decimal places in the diridend more than in the 
diTiBOr. But this rule becomes inoperatiTe except when there are more 
decimals in the dividend than in the divisor, and a number of cipheiB 
must be annexed to the former. The rule in the text amounts to the 
something, and provides for an assigned numtier of decimal place*. But 
the student is recommended to moke himaelf bmiliar with the rule of 
the dmracteritiie giien in the Appendix, and also to accustom himself 
to reaion <mi the place of the decimal point. Thus, it should be tisible, 
that i6'ii9+7'z436 has one figure before the decimal point, and that 
i6'ii9-f7Z4-36 has one cipher ofler it, preceding all significant Egurea. 

Oi the following rule maf be usedi Eiponge the decimal point of 
the divisor, and move that of the dividend as manjr places to the right 
u there were places in the divisor, uang ciphers if necessary. Then 
proceed as in common division, making one decimal place in the quotient 
for every decimal place of the fiualdividend which la used. Thus 17*3 14 
divided bj 6t'x is I73'i4 divided by 611, and the decimal point must 
precede the first figure of the quotient. But 17*314. divided by 6617' j 
is 173''4 hy 66(75 i "id since three dedmal placea of 173- 14000 . . . 
must be used befbre a quotient figure can be found, that quotient figure 
is the third decimal place, or the quodent is 'ooi 



i5'oo6)(i5-oo6 — ■oo4>;*oo4 
■fgxi-gxi-g _ 
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What tie , ^-T-r, and l ^ , as fat i 

3-14159 I7i8»ai8 -13349 

of dcdmaUP— Jn«e^, -}ig]to, '3671791 and 1939*2091x1. 

Calculate 10 terms of each of the faUawing Berieg, aa fai 
of dedmala. 

1+-+— + ' + — +&0.— 171814. 

3 1x3 1x3x4 axj«4xs 



1 +-+-+-+■ -+&C- ■=■ i'9i!9S. 
» 3 + 5 

gi 8a 83 84 8s ' 

Ifil. We DOT enter upon metliods hj which unnecenoiy trouble ii 
nTed in the computation of decimal quantities. And firat, Bupposa a 
number of miles has been measuced, tmd found to be I7'846ii7 milei. 
If jou were uked ho v many miles there are in (hii distance, and a rough 
■nawer irere required vhich should give miles onlj, and not parta of 
miles, jou would probably a&y tj. But this, though the number of 
whole milen contained in the distance, is not the nearest number of miles; 
for, since the digtiuice is more than 17 miles and t tenths, and therelbre 
more than 17 miles and a half, it is nearer the truth to say, it is 18 
miles. This, though too great, is not' so much too great as the other 
WW too little, and the error is not so great as half a mile. Again, if 
the same were required within a tenth of a mile, the correct answer is 
I7'8; for though this is teo little b; '0461T7, yet it is not so much too 
little as I7'9 is too great; and the error is less than half a tenth, or 
— . Again, the same distance, within a hundredth of s mile, ia more 
correctly 1785 than 17 S4, since the last is too little bj "006117, which 
is greater than the half of -01; and therefore 17-34-t'oi ia nearer the 
trath than 17-84. Hence this general rule : When a certain number of 
the decimals given is snfGciently accnrate for the purpose, strike off the 
rest trom the right hand, observing, if the Gist figure struck off be equal 
to or greater than 5, to increase the last remaining figure bj i. 

The fbllowing are eiamples of a decimal abbieriated bj one place at 
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1-7181818. 1713181, 171818, 171S3, 171K, 171, 17, 3-0 
rggig, 1-991, 1-99, 1-00, I'o 
153. In multiplicatian and dtrision it ia luelesa to retain mare placet 
of decimslB ia the lesult tliui were ceitainlj correct in the multiplier, 
&C., which ga»e that result. Suppose, for example, that 9-98 and 8-96 
are distances in inches which have been measured correctly to two places 
of decimala, that ia, within half a hundredth of an inch each way. The 
real value of that which we call 9-98 may be any where between 9971 
and 9-985, and thnt of 8'96 may be any where between 8'955 and 8-965, 
The product, therefore, of the numbers which represent the correct dia- 
tancea will lie between 9-975x8-955 and 9-985x8-965, that ia, taMng 
three decimal places in the prododa, between 89-326 and 89-516. The 
product of the actual nombers given ia 39'4ioS. It appears, then, that 
in thii case no more than the whale number £9 can be depended upon 
in the product, or, at moat, the first place of decimals. The reaaon is, 
that the error made in measuring 8-^6, though only in the third place of 
decimals, is in the multiplication increased at least 9-975, or nearly 
lo times; and therefore affects the second place. The following eimple 
rule will enable na to judge how &r a. product is to be depended upon. 
Let a be the multiplier, and b the multiplicand; if these be true only 
to the Grat decimal place, the product is within - — ~ of the truth ; if to 

two decimal places, within ; if to three, within ; and ao on. 

Thus, in the above example, we have 9-98 end S'96, which are true to, 
two decimal places : their sum divided by 100 is '0947, and their product 
is 89-4108, which is therefore within '0947 of the truth. If, in tact, we 
increase and diminish 89-4108 by -0947, we get 89-5155 and 39~3i6i, 
which are veiy nearly the limits found within which the product mutt 
He. We aee, then, that we cannot in this cose depend upon the firat 
place of decimals, as (151) an error of -05 cannot exist if this place 
be correct J and here ia a powible, error of -09 and upwards. It ia 
hardly nooesaaiy to Bay, that if the numbers given be exact, their product 

* Ttaeie an not quite cdnect. but anfflcteBllTSa for every pracHcil puipon. 
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ia exact alio, and lliat tbis article appliea iriiere the numben given ara 
correct only U> a certain number of decimal placet The rule ia : Take 
half the tarn of the nmlUpliet and multdpUcand, remove the decimal 
point a« many places to the left as there fire correct placcB of decimals 
in either the muldplier or multiplicand ; the result ii the quantity 
within which the product can be depended upon. In djraion, the rule 
ii : Proceed as in the !ait rule, put^ng the dividend and divisor in 
place of tbe multiplier and multiplicand, and divide by the tquare of 
the diiiBOr ; the quotient will be the quantity within which the division 
of the first dividend and divisor may be depended upon. Thus, if 
I7'li4be divided by ; 3*109, both being correct to tbe third place, their 
half sum will be 35'566, which, by the last rule, ii made '03;566, and 
ia to be divided by tbe square of 53*809, cr, which will do as well for 
our purpose, the square of 50, or 1500. The result is Knaething len 
tlum 'oooci, so that the quotient of I7'3i4 and S3*Sog can be depended 
on to four places of decimals, 

153. It is required to multiply two decimal (ractians together, to 
aa to rettun in the product only a given number of decimal places, and 
dispense vith the trouble of finding the rest First, it is evident thai 
we may write the Bgures of any multiplier in a contrary order (for 
eiuuple, 4311 instead of 1134), provided that in the operation we move 
each line one place to tbe right instead of to the left, as in the following 



4311 



ggS4 
£663 



Suppose now we wish to mulUply y^S't^n by 51*30741, leserving 
only four dedmal places in the product. If we reverse the multiplier, 
and proceed in the manner just pointed out, we have the following : 
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1470315 




17441070 




J4EB4I4 




I0465I4 


X 


I44I8 


S9S 


J 395 


3656 


69 


76818 


1789815x2 


I^ 
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Cut off, by a TertioU line, tiw Gnt fuur pUcea 
of decimal*, and tlie eolumiu which produ«ed 
tbem. It u phtia that in forming our abbre- 
viated rule, we hare to coniider onlj, t. ail that 
ii on the left of the rertical line; II. oil that it 
carried from the lint coIiudd on the right of 
the line. On Itnkii^ at tbe tint column to the 
left of the line, we eee 4, 4. S, j, 9, of which the 
Grat 4 comes from 4x1'," the lecond 4. from ixj', the 8 from trj', the 
5 from 8x4', and the 9 i^om 4x2'. If, then, we arrange the multiplicauid 
und the rcTersed multiplier thui, 

3488414 
1470J1S 
each figure of tbe multiplier is placed under the Brat figure of the 
multiplicand which is used with it in farming the first /our places of 
decimals. And here obnerre, that the units' figure in the multiplier 
51-30741, TJz. I, comes under 4, the fourth decimal place in the multi- 
plicand. If there had been do carrying tiom the right of the Tettical 
line, the rule would hare been : BeTcise the multiplier, and phue it 
under the multiplicand, bo that the figure which was the units' figure 
in the multiplier may stand under the last place of decimals in the 
multiplicand which is to be piewrted ; place ciphers orer those figures 
of the multiplier which have none of the multiplicand above then), if 
there he any: proceed to multiply in the usual way, but begin each 
figure of the multiplier with the figure of the multiplicand which comes 
above it, taUng no account of tho» on the right : place the tint £gurea 
of all the lines under one another. To correct this rule, so as to allow 
for what is carried &om the light of the vertical line, observe that this 
consists of two parts, 1st, what is carried directly in the formatioD of 
the diSbrent lines, and 2dly, what is carried irom tbe addition of tbe 
first column on tbe ijght. Tbe first of these may be talcen into account 
br begirming each figure of the multiplier with the one which comei 



,„„lc 



F AKITHUBTIC. S l53->54- 

on its right in the multiplicand, and cUT<ring Ihe lent to the nect 
figure as uaual, but without writing down the units. But both may be 
allowed for at once, with lufficient correctDeu, on the principle of (151), 
b; carrying i from 3 up to ij, 1 &om 15 up to 15, &C.; that ia, by 
carrying the neatest ten. Thu>, (br 37, 4. would be earned, 37 being 
nearer to 40 than to 30. This will not always give the last place quite 
correctly, but the error may be avoided by getting out 10 laio faeep one 
more place of decimals in the product than is ahsolulely required to be 
correct. The rule, then, is as follows : 

154. To multiply two decimals together, retaining only n decimal 

I. Reverse the multiplier, strike out the decimal poiala, and place 
tlie multiplier under the multiplicand, so that what was its units' figure 
shall bll under the »"■ decimal place of the molliplicand, placing ciphers, 
if necessajy, so that everj place of the multiplier shall have a figure or 
eipher above it. 

II. Proceed to multiply OS ueuftl, bepnning each figure of the mnlti- 
ptiet with the one which is in the place to its right in the moltiplicaod : 
do not set down this first figure, but canj its nearetl tea to the next, 
and proceed. 

IIL Place the fint figniea of all the lines under one anothn ; add 
as usual ; and mark off n placet &om the right for decimals. 

It is required to moltijily iji-^ajj, hj 1-30609, retainmg 7 dee'n^ 

1364071000 

1 364071000 

4091a 1600 

8184431 

i7fCieoo7»S 
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In the fbllowing examples the fint two linea are the mumpIicaDd 
Bud muldplier t aod the number of decimsli to be tetuned vill be 
seen tiom the ceiulta. 



■447 "6i8 


33' 1 66148 


3-46410.6 


3-77 <9"+ 


1-4141136 


>73»V8 


3771911+ 


033166Z48 


346410160 


g, 617+4 


6J114141 


8051371 


.S0S76S6 


3316615 


346410160 


ISC876S 


I3i66s= 


1+1487111 


1640M, 


33.« 


i039»30S 


377» 


13166 


69*S>a 


mSj 


663 


17310s 


$8 


3J 


»77i 



46-90+15 

Ezeieises may be got trom article {US). 

I£5. With regard to division, take any tvo numben, for sample, 
i6'2o+379ii and 3-1+1, and divide the fiist bf the Becond, a* Ar aa 
any required number of decimal places, for example, five. Thft pw 
the following : 

3-i4i)i6-go4379ii(5-34gjo 

IS 710 
1094J 



'm 



9631 

94).o 
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Now cut off by a vertical line, as in (153). all the Ugana which 
come on the right of the lirat ligure ^, in the Isat remainder io6i. &js 
in multiplication, ve mav obtnJn all that is on the left of the rerdcal 
line by an abbreviated method, as represented at (A). After vhat hna 
been said on multiplication, it is useless to go further into the detail ; 
the fbllontng rule will be Buflicient : To divide one decimal by another, 
retaining only n places : Proceed one step in the ordinary division, anil 
determine, by (150), in what place ia the quotient so obtained; proceeit 
in the ordinary way, until the number of figures remaining to be found 
in the quotient ia less than the number of figures in the divisor: if this 
should be already the ciise, proceed no further in the ordinary way. 
Initead of anncxmg a figure ot cipher to the remainder, cut off a figure 
tmm the divisor, and proceed one step with thia curtsied divisor as 
n^ual, remembenng, however, in mnltiplying this divisor, to carry the 
rtaresl ten, as in {154), from 'the figure which waa struck off; repent 
'1 18, striking off another figure of the divisor, and so on, until no 
figures are left. Since we know from the beginning in what place the 
first figure of the quotient is, and also how many decimals are required, 
we can tell from the beginning how many figures there will be tn tha 
whole quotienL If the divisor contain more figures than the quotient, 
it will be unnecessary to use them : and they may be rejected, the rest 
being corrected as in (ISl) ; if there be ciphers at the beginning of the 
rfiiisor, if it be. for example, 'cojiyS, since this is ^'^ , divide by 
■3178 in the usual way, and afterwards multiply the quotient by IDO, 
or remove the decimal point two places to the right. If, therefore, nix 
decimals l>e required, eight places must be taken in dividing bj '317S, 
for an obvious reason. In finding the last figure of the quotient, the 
nearest shouio De taKen, as in the sicond of the subiomed examples. 
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Places reqiiireJ, 


1 


3 


Divisor, 


■41431 


3"4'SW 


Dividenil, 


673-1489 


1-71828130 




+1+31 


1-Si3i74'6 




lj3 SiE 


10S0076+ 




148591 


.88^556 




loij;* 


ifiSiioS 




giS6 


1570796 




19s' 


80+11 




"iS7 


6^ 




*94' 


i7S8o 




390 


IS7°S 



Ciiiolieat, 161471 -3651 

Examples may be obtained finm (US) and (IGO). 



SECTION VII. 

ON THB EXIBACTION OF THE S4WEE ROOT. 

156. We hav« aliead^ remarked (66), (hat a number multiplied bj 
itaelf produces wbet is called the tqawe of that number. Thus, 169, 
or 13x13, is the sqiiat« of 13. CaaTenel;, 13 is called the aqaan root 
of 169, and J is the square root of 15 ; and any number ii the square root 
of another, which when multiplied bj itself will prodace that other. 
The square root ia signilied by the sign ./ or */ 1 thus, ^15 moMs 
the square root of 15, at 5 ; ■v'16+9 means the square root of i&f9, 
and is 5, and must not be confounded with v i64-v'9,which ie4-t-], 01 7. 
• Thli !■ wiUun I iniind oTS, beCMiH the fiEOr* arbicb It abaodoiwd [n the dlvi. 
dnid 1* » (ISl). 
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157. The fbllowing equationa are evident from the deiinilion : 

■y^xv'oi = a6 

{V'axv'ijxfv'iixv'*) = ^oxv'axv'ixv'* = oS 

wheni* \/a x-Zb — Voi 

156. It does not folloir that a number haa a aqaare root because it 

has a square; thus, though ; can be multiplied b; itself, there is no 

number which multiplied by itself will produce 5- It i» proved in 

algebra, that no fiactiou* multiplied by itself can produce a whole 

number, which may be found true in any number of instances j therefore 

5 has neither a whole nor a fractional square root ; that is, it haa no 

sqaarerootat all, Neiertheless, there are methods of finding fractions 

wliose squares shall be as near to 5 as we please, though not exactly 

, , , , whose square, rii. 
671^5 4 
rs from 5 by only r ' which is 

e enabled to use •/% in arithmetical 

and algebraical reasoning : but when we come to the practice of any 

problem, we must substitute for V; one of the fractions whose square 

is nearly 5, and on the degree of accuracy we want, depend^) what 

fraction is to be used. For some purposes, — ^ may be sufficient, as its 

square only difi^rs from 5 by ; for others, the fraction first given 

might be necessary, or one whose square is even nearer to 5, We 

proceed to shew how to find the square root of a number, when it has 

one, and from thence how to find fractions whose squares shall be as 

neat as we please to the number, when it has not. We premise, what 

is sufficiently evident, that of two numbers, the greater has the greater 

square ; and that if one number lie between two others, its square lies 

between the squares of those otbeia. 

169. Let » he a number consisting of any number of parts, for 

example, four, viz. a. i, e, and d; that is, let 

Itaaugli frullonal in fonn, Is whola In lealily, sueli sa -— or — -. 
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X ■^ a-tb*c+d 
The iquare of thii number, found aa in {SS), wilt be 

The rule there fbimd Ibi squaiing a number conaiBting of parts vu. 
Square each part, and multJplf all thut come after bj twice that part, 
the sam of all the results bo obtained wiU be the square of the whale 
number. la the expression above obtained, instead of multiplying la 
by eac/t of the succeeding parte, i, e, and d, and adding the results, we 
raultiplied za fay the auni qf all the mcceeding parta, which (£2) is the 
same thing ; and as the parti, however disposed, make up the number, 
we may reverse their order, putting the last first, &c. ; and the rule for 
squaring will be : Square each part, and multiply all that come before 
by twice that part. Hence a reverse rule for extracting the sqnsre toot 
presents itself with more than uaual simplicity. It is : To extract the 
square root of a number N, choose a number A, and see if N will bear 
the subtraction of the square of A; if so, take the remainder, choose a 
■econd number B, and see if the remainder will bear the subtraction of 
the square of B, and twice B multiplied by the preceding part A ; if 
it will, there is a second remainder. Choose a third number C, and see 
if the second remainder will bear the subtraction of the square of C, and 
twice C multiplied by A+B : go on in this way either until there is no 
remainder, oi else until the remainder will not bear the subtraction aris- 
ing from any new part, even though that part were the least number, 
which is I. In the first case, the square root is the sum of A, B, C, 
&C. ) in the second, there is no square root. 

160. For example, I wish to know if 1015 has a square looL I 
choose zo as the first part, and find that 400, the sqoare of xo, sub- 
tracted from 1025, gives 1615, the first remaindei. I again cboose 10, 
whose square, together with twice itself, multiplied by the preceding 
pan, is loxio+axioxao, or 1100 ; which sabtracted from 1625, the 
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tint remainder, gives 415, the ncoDd reimiindeT. I choose 7 foi the 
third part, which appears to be too great, sinee 7x7, increased by 1x7 
mnltiplied b; the Bum of the preceding parts sof-zo, g^vea 609, »hich 
is more than 435. I therefore choose 5, which cioses the process, since 
SKS, together with 1x5 multiplied by lo-no, giies eiactly 415. The 
square root of io2j is therefore 10+10-1-5, ''>' 45> which will be found, 
by trial, to be correct ; since 451145 — 101$. Again, I ask if 1314Q 
has, or has not, a square rooL Let 100 be the first part, whose sq^nare 
ia loooo, and the Srst remainder is ]]40. I>et lo be the second part. 
Here ioxio+ikiqxioo is iioo, and the second remainder, or 3340— 
iioo, is 1140. I.et S be the third part; then 5x5+ax5x(iotH-io) it 
1125, which, subtracted irom 114a, leaves ri5. There is, then, no 
square root ; foi a single additional unit will gire a subtraction of 
iii+zxtx(ioo-i-i(H-5), or 131, which is greater than 115. But if the 
number proposed had been less bf 1 15, each of the remaiaders would 
have been iij less, and the last temaiader would hare been nothing. 
Therefore 13340 — 115, or 13115. has the square root ioo4-i(H-5, or 
115 ; and the ansver is, that 13340 has no square root, and that 13115 
is the next number below it which has one, namely, 115. 

161. It only remains to put the rule in such a shape as will guide 
ui to those parts which it is most convenient to choose. It is evident 
(67) that any number which terminates with ciphers, as 4000, has 
double the numfaer of ciphers in its square. Thus, 4000x4000 = 
16000600 1 therefiare, any square number,* as 49, with an even number 
of ciphers annexed, as 490000, is a square number. The root't- of 
490000 ia 700, This being premised, take any number, for example, 
76176 i setting out from the right hand towards the left, cut off tiro 
figures ; then two more, and so on, until one or two figures only nt 
left: thus, 7,^11,76. This niunber is greater than 7,00,00, of which the 
first figure ia not a square number, the nearest square below it being 
4. Hence, 4,00,00 is the nearest square number below 7,oc^oo, which 
* B7 square nuniber I mean, s DBinlwr wh^h bas a sqture root. Tliui, X9 li s 

t Iht term ' n»i' ti rrequealli u<Ml ta in sbbmlitlan or square roM. 
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has four ciphers, and ita iquue root is loo. Let ihia be the drat part 
chosen; its Bquare aubtiacted &om 76176 leaves ^6176, the fint re- 
mainder; and it is evident that we have obtained the highest □□mbei 
of the highest denomination vhich is to be found iu the (quare root 
of 76176; for 300 is too great, its squnie, 9,00,03, being greater than 
76176: and any denomination higher than hundreds has a square still 
greater. It remains, then, to choose a second part, as in tbe examples 
of (160), with the remainder 36176. Ttiis port cannot be as great aa 
loo, by what has just been said i its highest denomination is therefore 
a number of tens. Let N stand for a number of tens, nhich is one of 
the simple numbers I, i, 3, &,c ; that is, let the new part be loN, 
whose square is loNxioN, or looNN, and whose double multiplied b; 
the former part ia 2oNx20o, or 400oN ) the two togetlier are 400oN+ 
looNN, Now, N must be so taken that this may not be greater than 
36176; still more 4000N must not be greater than 36176. We may 
therefore try, for N, the number of times which 36176 conttiiiis 4000, or 
titat which 36 contains 4. The remark in (80) applies here. Let us 117 
9 tens or 90. Then, 1x90x100+90x90, or 44100, is to be subtracted, 
which is too great, since the whole remainder is 36176. We then try 
8 tens or So, which gives ixSoxioo+SoxSo, or 3S400, which ia likewise 
too great. On trying 7 tens, or 70, we End 1x70x100+70x70, or 31900, 
which subtracted from 36176 gives 3176, the second remainder. The 
rest of the square root can only be units. As before, let N be this 
number of units. Then, the sum of the prerading parts being 1OC4-70, 
or 170, the number to be subtracted is i70xiN+K(r, or 540N+NN. 
Hence, as before, J40N must be less than 3176, or N must not be greater 
than the number of times which 3176 contains 540, Or (80) which 317 
contains 54, We therefore try if 6 will do, which gives 1x6x170+6x6, 
or 3176, to be sabtiacted. This being exactly the second remainder, 
the third remainder is nothing, and the process is linished. The Aqoare 
root required ia therefore iO!H-7o+6, or 176, 

The process of forming the numbera to be subtracted may be 
hortened thus. Let A be the sum of the parts already found, and N 
a new part ; there must then be subtracted lAN-t-NN, or (64) 1A4-N 
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multiplied by N, The rule, therefore, for fomiu^ it a: Double the 
■urn of all the piecediiig puts, add the new part, and muUiplj the 
result by the new part. 

16S. Theprocessof the last article iaaarotlows: 

7,6i,76{ioo 7,61,76(176 



70 



4od3,6i,j6 
70)31900 



47)j6i 



In the first of these, the numbers are written at length, as we found 
them ; in the second, as in (79), unnecessary ciphers are struck ofi^ and 
the periods 61, 76, are not brought down, until, by the continuance of 
the process, they ceoae to hare ciphers under them. The following 
is another example, to which the rensoning of the last article may be 
applied. 



34,86,78,44^1(50000 



loooool 9 86 78 44 
jooql 98100K 



J4,86,78,44V>i{S9<H9 




193. The rule is as follows: To extract the square root of a 
niimberi — 

I. Beginning from the right band, cut off periods of two IJguces each, 
until not more than two are left. 

II. find the root of the nearest square number next below the 
number in the first period. This root is the first Hgure of the required 
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root; subtract it« aquare bom the first period, which gives the fint re- 
maindei. 

III. Annex the second perii>d to the right of the cemajader, which 
gives the first dividend. 

IV. Double the first f)|;i]re oF the root ; »ee how often this is con- 
tained in the numbei mode by cutting one figure from the right of the 
first dividend, attending to IX., if necessary ; use the quotient as the 
second figure of the root ; annei it te the right of the double of the 
first figure, and coll this the Gist divisor. 

V. Multiply the fint divisor by the second figure of the root ; if the 
product be greater than the iirst dividend, use a lower namber fbt the 
second iigure of the root, ^d for the last figure of the divisor, until the 
multiplication jnst mentioned gives the piodncl less than the first 
dividend ; subtract this from the first dividend, which gives the second 
remainder. 

VI. Annex the third period l« the second remainder, which gives the 
second dividend. 

VII. Double the first two figures of the looti* see how often the 
result is contained in the numbei made by cutting one Iigure from the 
right of the second dividend ; use the quotient as the third figure of 
the root ; annex it to the right of the double of the fiiat two fignres, 
and call this the second divisor. 

Till. Get a new remainder, as in T., and repeat the process until 
all the periods are exhausted ; if there be then no remainder, the square 
root is fbund ; if there be a remainder, the proposed oumbeT has so 
square root, and the number found as its square root is the square root 
of the proposed number diminished by the remainder. 

IX. When it happens that the doi;ble of the figures of the root is 
t)ot contained -at all in all the dividend except the la«t figure, or when, 
being contained oi^ce, i is found to give more than the dividend, put a 
cipbei in the square root and in the divisor, and bring down the next 
period i should the same thing still happen, put another cipher in the 
root sad divisor, and bring down another period ; and so on. 

" Or, more t^;p]y, add the lecund fi^n of the root to the first divisors 
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Kimberfl proponed. StLuare roou. 

73441 171 

1991900 17JO 

641414792 1 30089 

903687890625 950625 

4I410/474S277BS76 j 205561976 

134226593 101 51401 I 115856101 

164. Since tlie square of a fraction is obtained by squaring the 
numerator and the denominator, the aquare root of a fraction is fbund 
b) taking the aqiiare root of both. Thus, the square root of -- is ^, 
since 5 X s is 25, and 8 x 8 is 64. If the numerator or denominator, or 
both, be not square numbecB, it does not therefore follov that tlie 
ftaction has no square root ; for it may happen that multiplication or 
division by the same number may convert both the numerator and 
denominator into square numbers (108). Thus, — , which appears ttt 
first to have no square root, baa one in reality, since it is the same m 
—, irhose square root is -. 

1 66. We noir proceed from ( 1 58), where it was stated that any num- 
ber or faction being given, a second may be found, whose square is 
as near to the first as we please. Thus, though we cannot solve the 
problem, " Find a baction whose square is i," we can solve the fol- 
lowing, " Find a fraction whose square shall not differ from s by so 
much as -oooooooi." Instead of this last, a still smaller fraction may 
be substitated ; in &ct, any one however small : and in this process we 
are said to approximate to the square root of z. This can be done to 
any eitent, as follows; Suppose we wish to find the square root of 3 

within — of the truth 1 by wWch I mean, to find a fraction t whose 

." 01*. 

square is less than i, but such that the square of --I — is greater than 

z. Multiply the numerator and denominator of - by the squaie of 57, 

or 3249, which gives -^, On attempting to extract the squara root 

of the numerator, I find (163) that there i> a remainder 98, and that the 

square number next below 6498 is 6400, whose root is So. Hence, 

the square of 3o is less than 649S, while that of 3l is greater. The 
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«quare root of the denominator is of course 57, Hence, the aquare of 

— is leu than -3^, or z, while that of — ia ereater, and these two 
" 3H9 , 57 ■ 

liacUoaB on] J differ bj — ; which vaa required to h« done. 

166. In practice, it is usual to find the square root true to a certain 
number of places of decimals. Thus, I'4i43 is the square root of i true 
to four places of decimals, since the square of i'4i4.i, ot y^ggg6s6^ is 
less than z, vhite an increase of onlj i in the fourth decimal place, 
giving ''414;. gives the square z'00014449, which is greater than 1. 
To take a more general case : Suppose it required to find the square 
root of i'6]7 true to four places of decimals. The fraction is — —, 

whose square root is to be found within 'ooo!, or , Annex ciphers 

to the numerator and denominator, uotil the denomiDator becomes the 

square of , which gives - — ; eitract the square root of the 

numerator, as in (163), which shews that the square number nearest to 

it is 163700000 — 13564, whose root is 11794. Hence, —, or i'Z794, 

gives a square leas than 1*637, while i'i7$5 gives a square greater. In 
&ct, these two squares are i'63eS6426 and t'637Izoz5. 

167. The rule, then, for extracting the square root of a number 
OF decimal to any number of places is : Annex ciphers until there are 
twice as man; places following the units' place as there are 1« be decimal 
places in the root ; extract the neoiest square root of this number, and 
mark off the given number of decimals. Or, more simpl; : Divide the 
number into periods, so that the units' figure shall be the last of a 
period ; proceed in the usual wa; ; and if, when decimals follow the 
units' place, there is one figure on the light, in a period by itself, annex 
a cipher in bringing down that period, and aAerwards let each new 
period consist of two ciphers. Place the decimal point after that figure 
in fonnii^ which the penod containing the units was used. 

1G8. For example, what is the square root of i| lo five placet of 
decimals? This is (14£) i'37S, an^ the process is the first example 
over lea£ The second example is the extraction of the root of 'oS 1 to 
■even phKes, the first period being o3, from which the clphei is omitted 
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'.37,S(l'»7i6o 


8,1(18+6049 
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")37 


48)^ 


21 
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«7)^ 


564)1600 


.589 


MS6 


.34») 6100 


5686) J44~ 


4684 


34116 


iMtSJHiSoo 


S69104) ^840000 


140676 


«76!«6 


tj45») 9^00 


569108) 56318400 


■oooo<»4i36Tl"lC-a 


"S33599 


^5) 'h' 




"5 




305) ,636 




.515 




310J) "i7« 




9309 




jio«s) 186311 




'S53»5 




310709) 3099710 




1796381 








JOJJ1900 





169. Wlim mora thui half Ilie decimolB required h&Te been foimd. 
the others ma; be simply Ibund bj diriding the diiidend b; the di- 
viioT, BB in (1G5). The extraction of the Bquare root of 11 to ten 
places, which will be found in the next page, i> an eiample. It most, 
hawarec, be obserred in this process, as in all otben where decimalB tun 
obtained b; appioiimatioa, that the loat plaro caanot alwajs bs de- 
pended upon : on which account it is advisable to cany the process so 
&r, that one or eren twi> more decimals shall be obt^ned Uian are 
absolntely required to be correct. 
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6914) 18400 



69181016) 4x61799 



691S10311) 104377 
6918: 



69182031301) 9S439i77S«> 
6918103x301 



537133550831 3 

If &am any remainder we cat off tbe dpbeiv, and all fignrea which 
would come under or on tbe right of these dpherB, by a Tertical line, 
we Sni on the left of that line a contisctcd diTi^on, ancb aa thow in 
^166). TbuB, aAer having found UtA root ax tai sa 3*464101, we have 
the remaindet 4261799, and tba divimr 691S10Z. The figores on the 
left of tbe line are nothing mote than the contracted division of thia 
remainder bj tbe divisor, with this diiTerence, boweverj thai wa ha«o to 
begin by Btriking a figure ofi' the diviwr, instead of uting the whole 
divisor once, and then striking off the first figure. By this alone we 
might have doubled our number of decimal place*, and got the addt- 
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tional figures 6»S'J7i *hB last 7 being oblaiDed by earrying tho con- 
tracted dirinon one rtep farther with the remainder JJ. We hare, 
then, this rule : When half the number of decimal placea haie been 
obtained, instead of annexing two dphen to the remainder, atiike off a 
figure from what would be the dirisor if the procesg were continued 
at length, and diride the ramunder bj thia contracted diviMir, as 
in (155). 

Ai an example, let oi double the number of decimal placea already 
obtsJned, which are contained !□ 3'464ioi6t5i3. The remainder ig 
SJ7*53S5o8ji,the diyisOT 691310313016, and the proceia ii ai in (B), 
Hence the square root of 11 u, 

l-464ioi6iii377i4S87'=S«S 
whkh ia true to the last figure, and a little too great 1 but the buIh 
■titution of Sinateadof 9 on the right hand would make it too nuall. 
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SECTION VIII. 



170. When two numben are named in an/ problem, it i* umallj 
neeesBttry, in Bome way or other, to compare the two ; tlat is, by con- 
■idering the two together, to establish some connexion between them, 
which may be useful in future operations. The first method which 
suggests itself, and the most simple, is to observe which is the greater, 
and by how much it diffets &om the other. The connexion thus esta- 
blished between two numbers may also hold good of two other numbera ; 
for example, E difieis from 19 by 11, and 100 differs &om iii by the 
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same nnmber. In thii, point of ttst, S Btanda to 19 in the tame 
ntnation in wUch 100 Blanda to iii, the fint of both couples difiering 
in the tame degree from the second. The fbui numbera thue naljced, 



ue Slid to be in anlAflwfwa/* proportion. When font numbera are 
thui placed, the f rat and laat are called the extrmttt, and the «econd 
and third the mmnt. It is obvioua that iii-t-S — 100+19, ^^^^ '^ ^^ 
■am of Iho eitremeB is equal to the sum of the meani. And this is not 
HiundHitiil, ariiiiig from the particular numbera we have taken, but- 
muat be the case in eierj arithmetical proportion ; for in 11 ii-8, b/ 
(3S), an; diminution of in Till not affect the lum, provided a COf- 
leapondiug increaae be giien to 8 ; and, b; the definitioD juat given, 
one mesa is as much leaa than 1 1 1 as the other ia greater than il. 

171. A Kt er aeries of numbers ia said to be in conHrHttd arith- 
metical proporUoD, or in anthmetical prvpretnon, when tbe difference 
betireen everf two aucceeding terms of the series ia the same. This 
is tbe case in the following scries : 



1-, 1, 1-, J, J-, ftc. 

The difference betveeu two succeeding tenna ia called tbe CMnnton 
difference. In the three series just giren, tbe common difibrences 
are, 1, 3, and -. 

172. If a certun number of terms of taiy arithmetical wries be 
taken, tlie aum of the first and last terms ia the same as that of any 
other two terms, provided one is as distant from tbe b^iuning ofthe 
series as the other is from the end. For example, let there be 7 terms, 
and let them be, 

a S . d . / jr. 

• Tlilt (• ■ verylncimnt nBmc, ilnn the tsim 'ulUunetical'spptln equiUflo 
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Then, lince, bj the nature of the Beries, i ia as mucli above a as/il 
below g (170), a+g — b+f. Again, since c is as much above i as tit 
below/(l70), fr+/— e4«. But a+g = b+f; therefore a+g= e+t, and 
■o on. Again, twice the middle teim, or the term equally distant from 
the beginning and the end (which eiisti only when the number of terma 
is odd), is equal to the auni of the Rret and last terma ; for aince e is 
ts much below iJ as e is aboie it, we have e+e — d-td = xd. But e+# ~ 
a+g; therefore, a-*g ■= id. This will give a short rule for finding the 
nun of an; number of terms of an atichme^cal series. Let there be 
7, viz. those just given. Since a+g, b+f, and e+s, are the same, their 
■urn is three times {a*g\ which with d, the middle term, or half a-»^, 
is three times and a half a+g, or the sum of the firet and last terms 
multiplied by 3-, or-,or halfihe number of terms. If there had been 
an even number of terms, for example, six, viz. a, b, e, d, t, and/, we 
know now that a+/, b+e, and e*d, are the same, whence the sum is three 
times a+f, or the sum of the first and last terms multiplied bv halftne 
number of terms, as before. The rule, then, is : To sum any number of 
terms of an arithmetical progression, multiply the sum of the fiist and 
last terms by half the number of terms. For example, what are 99 
terms of the series i, 2, 3, Blc ? The ggth term is 99, and the sum 
is (99+1)^, or —, or 4950. The sum of 5° terms of the seriee 

|.5,,.y.^».i.(i.£)f.„„«>s.....s. 

173. The first term being given, and also the common difforence 
and number of terms, the last term may be found by adding to the <u«t 
term the common dilFerence multiplied by one leas than the number of 
terms. For it is evident that the second term differs from the first by 
the common dilference, the third temi by ticict, the/ourfA term by thrta 
times the common difference; and so on. Or, the paassge from the 
-first to the nth term is made l>vn— i steps, at each of which the common 
dilference is added. 
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174. The sum beiDg gireo, the number of teima, and the tint temii 
I can thence End the common differein». Suppose, for example, the 
9t term of a, series to be one, the number of termg 100, and the eum 
,000. Since 10,000 was made by multiplying the sum of the firet and 
It terms bj — , if we diniiie by this, we shall recover the sum of the 

rt and last terms. Now, — divided by — is (122) 100, and the 

It term being i, the last term is 199. We have then to pass from 
to 199, 01 through 19S, by 99 equal steps. Each step is, IheieAiie, 
-, or 1, wMrb is the common difference; or the series is i, 3, 5, ftc, 
. Ut 199. 
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S 45 

7075600 1330 4 10636 8 

175. We now retuni to (170], in vhich we compared two niimben 
together by their difference. This, however, is not the method ot 
compHrison which we employ in common life, as any single familiar 
instance will shew. For example, we say of A, who has 10 tliousand 
pounds, that he is much richer than B, who has only 3 thousand ; but 
we do not say that C, who has 107 thousand pounds, is much richer 
than D, who has 100 thoosand, though the difference ot fortune is the 
aame in both cases, viz. 7 thousand pounds. In comparing numbers 
we take into our reckoning not only the differences, but the numben 
tbemaelves. Thus, if B and D both received 7 thousand pounds, B 
wonld receive 133 pounds and a third itil every loo pounds which he 
had before, while D for every 100 pounds would receive only 7 pounds 
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And thongh, in tho liew taken in (170), 3 is aa near to 10 aa 100 is to 
107, yet, in the light in which we now regard them, % ia not so near to 
10 as 100 is to 107, for j diffeis from 10 h; more than twice itaelf, 
while 100 doee not differ from 107 by eo murfi aa one-fifth of itaelf. 
Thia is expressed in mathematical language by saying, that the raito or 
propertion of to to 3 is greater than the ratio or prDporfton of 107 to 
100. We proceed to define these terms more accurately. 

176. Wben we use the term part of a number or fraction in the 
remainder of this section, we mean, one of the various sets of e^al 
parts into which it maybe divided, either the half, the third, the fourth, 
&c. : the torm multiple has been already eiplained (102). By the term 
tauitiple-parl of a number we mean, the abbreviation of the words 
multiple Ufa part. Thus, t, z, 3, 4, and 6, ore parts of 12 ; - ia also a 
part of II, being contained in it 14 times; 12, 14, }6, &c, ai« molttples 
of iz; and 8, ij, -. &c. are multiple ports of iz, being multiples of 
some of its parts. And when mnltiple-paTta generally are apolien of, 
the parta themselves are supposed to be included, cm the same principle 
that II is counted among the multiples of ri, the multiplier bdng t. 
The multiples themselves are also included in this term ; for if. is also 
43 halves, and is therefore among the multiple parts of iz. Each part 
is also in various ways a multiple-part ; for one-fburth is two-eigblhs, 
and three- twelfths, &c 

177. Every number or fraction is a multiple-part of every other 

number or fraction. If, (br example, v>e ask what part 11 is of 7, we 

•ee that on dividing 7 into 7 parts, and repeating one of theae parts iz 

times, we obtain 11 ; or, on dividing 7 into 14 ports, each of which 

is one-half, and repeating one of these parts 14 times, we obtain 14 

halves, or 11. Hence, 11 is — . or — , or ~ of 7 : and so on. GenerallT. 

7' 14 It " ■" 

when a and b ore two whole numbers, t eipretaes the multiple-part 

which a is of 6, and - that which i is of a. Again, suppose it required 

to determine what multiple-part z- is of 3-, or — of — , These 

fmctions, reduced to a common denominator, are — and , of which 

the second, divided into iii parts, give* — , whidi repealed 75 timet 
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giTM — , the Brat, Hence, the multipJe-part which the fiirt » of the 
■ecoad 18 ~^, which being abtained b; the lule gjven in (121), them 
that -, or a divided bj 6, according to the notion of diriuon theie giren, 
eipraMei the multiple-pBrt which a a of! in every ooee. 

178. When the first of four numbera u the eame multiple-part of 
the tecond which the third is of the tbiuth, the four are mid to be 
l/eaiBelrvallg* proporlumal, or simply proporHimal. This is a word 
in common use; and it remsing to sbew that our mathematicBl defini- 
tion of it, jurt giten, is, in &ct, the common notion attached to it For 
example, euppoBo a picture is copied on a smaller scale, so that a line 
of two inches long in the original is represented by a line of one inch 
and a half in the copy j we say that the copy is not correct unless all 
the parts of the original are reduced in the same proportion, namely, 
that ofi to I-. Since, on dividing two inches into 4 parts, and taking 
3 of them, we get i-, the same must be done with all the lines in the 
original, that is, the length of any lino in the copy must be three paMa 
out of four of its length in the originaL Jlgain, interest being at 5 per 
cent, that is, £$ being given ibr the use of £100, a similar propoitioD 
of every other tarn would be given; the interest of £70, for example, 
would be just such apart of ifjo as £5 is of jCtoo. 

Since, then, the part which a is of i is expressed by the ftaetion ~, 
or any other fraction wMcb is equivalmt to it, and that which o is of </ 
by -, it follows, that when o, i, d, and d, are proportional, r = v This 
equation will be the foundation of all our reasoning on proportional 
quantities ; and in considering proportionals, it is necessary to observe 
not only the quan^ties themselves, but also the order in which they 
come. Thus, a, b, e, and d, being proportionals, that is, a being the 
same multiple-part of b which « is of iJ, it doM not follovr that a,i,b, 
and are proportionals, that is, that a is the same multiple-part Otd 



• Tha nmc nmark asf be made here u wu madclD th« ddM od the I 
arlthmeticsl piaportlaD,' p&gfl 101. The ward ■ geometricAl' 1i, genenl] J ipoak 
dropped, eif^t vheu we wLahto diBtlngnlsli betwAw thla kind of proportion 
tbal wUch hu t«n called sritlunelical. 
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which i is of I. It b plain that a is greater than, equal to, Oi lOB ttum 
b, aceordmg na o ia gieatei than, equal to, or len than d. 

179. Four numbeiB, a. A, e, and d, being proportional in the order 
irritten, a and d are called the txiretaei, and i and p the ruoni, of the 
proportion. For conTeoience, we will coll tho two extremes, or the 
two meana, iJmUar terms, and an extreme and a mean, dium^ar tenm 
Thus, a and d are aimilor, and bo are £ and 0; while a and b, a andt^ 
i( and b, d and o, are diaumilar. It ia customary to ezpren the pr(r- 
portion by placing dota between the numbers, thus : 

a:b::e:i 

ISO. Equal numben will still remain equal when they hare heen 

increased, diminished, multiplJed, or diiided, by equal quantitiea. This 

amounta to saying that if o •■ i and p = ?, o-Vj) •■ i+ji o-y — b—gt "P ~ 

ig, and - •< -. It ia also evident, that a+p—p, a—p*f, —, and -xp, are 

P ? P P 

all equal to a. 

181. The product of the extremes is equal to the product of the 

means. Let t ~ 31 '^^ multiply these equal numbers by the product 

W. T^ea,%^H = ~{\\%)~ad,ia.A%'.bd-'^-a>: hence (180), 
6ft d d 6 J JX7 

adi^bc. Thna, 6, %, ai, and 18, are proportional, since — — - — 

II -. • > > . r r 8 4 4x7 

~ —T (160) i and it appears ^t (ixiS — Sxzi, since both products aro 
i63, 

132. If the product of two numbers be equal to the product of two 
others, these numbers are proportional in any order whateier, provided 
the numben m the same product are so placed as to be similar terms ; 
that is, if oi — pq, we have the following proportions : — 



a : p 



: q : 



To prove any one of these, divide both aft and pg by the product of its 
second and fourth terms ; for example, to shew the truth lialq'.'.pl b, 
divide both oi and pj by ftj. Then, — —-, and ^ = p 1 hence (180), 



S 181-1S4. ON FBOPOSTIO:! OF NDMBBRS. 107 

— =j-,aia'.q;'.p:b. The pupil should not Ml to proTe every one 
of the eight catea, and to Teri^ them by some simple eiamples, Buch 
as 1x6 = 1x3, which gives i : i : : 3 : 6, 3 : i : : 6 : 1, &c. 

133. Hence, if four numbere be proportional, they are also propor- 
tional in any otber order, provided it be Bucb that ainular terms still 
remain umilar. For since, when j—.i '^ followa (IBl) that ad^te, 
all the proportioog which follow from ad^bc, by the last article, follow 
also from T — -> 

IB*. From (114) it follows that j+| — — . and if t be ieai than i, 

i-7-^,irhileif| be greater than I, 7-1=^. Also (122), if 
too 00 

— be divided by -j- the result ia —7, Hence, a, b, e, end d, being 
proportianals. we may obtain other proportiona, thns : 



or a*b : b :: e*d : d 

That ia, the sum of the Srst and second is to the second as the sum 
of the third and fourth is to the fourth. For brevity, we shall not state 
in words ajiy more of dese proportions, unce the pupil will easily supply 
what is wanting. 

Resuming the proportion a : b :: t l d 



i-^-i-^,if^belMathani, 

"*' ~b"°~r 

that ia, i-a : £ : : il-a : d 
ot. 0— ft : ft : : t—d : d, if 7 be greater than L 

- si'^ 
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Again, sb.e^^^a«d^-t:^f^ being gt^iiar th«. .) 
dividing the firet hj the second we have ~ - ^ 

OT o+s : a— i :: c+ii : c— rf 
■nd aim o+* : b-a : : e+rf : il-c, if | be leas than i. 

185. Many other proportions B%ht be obtained in the same manner. 
We irill, hoveret, content ouraelves with writing down s few which can 
be obtained by combining the preceding articles. 



;: frhi : i-d. 

In these and all othsrs it must be obflerved, that when such expnaaions 
as a—b and c—d occnr, it is supposed that a is greater tlian b, and e 
greater than d. 

186. If Sua numbers be proportional, and any two dissimilar terms 
be both multiph'ed, or both divided by tbe same quantity, the results are 
propOrtionaL Thus, it a : b :: e : d, and <n and n be any two num- 
ben, we have also the following : 

ma I b II fne I d ma I nb II me ' nd 



and various others. To prove any one of these, recollect that nothing 
more is necessary to mako four numbers proportional except that the 
product of the extremes should be equal to that of the means. Take 
the third of those just given i the product of its eita-emea is -tmd, or 

.while that of the means is tnSn -, or — . But since al by. e : d, 

by (181)ad — ic, whence, by (ISO), mad °>>nie, and = — . Hence, 

-, mb,-, and md, are proportionals. 

1B7. If the terms of one proportion be mulUplied by the terms of a 
second, the products are proportional ; that i^ if a : ft : : o : d, and 
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p : g :: r : s, it faltowa that ap : 6q :: er : di. For, unce ad — 

be, and pi — qr, by (180) arfj» = beqr, or apxdi = ijmjr, whence (1B2) 



I. If four Dumben be proportional, Bn; liiiiilar ponen of thoM 
n are also propoTtional ; that is, if 



e the proportJon twice, thus. 



Whence (187) 



ddd; and so on. 



189. Ad eiprewion is said to be homogeneous with respect to as; 
two or more letters, for instance, a, b, and r, when ever; t«nn of it 
contains the same number of letters, counting o, A, and e only. Thus, 
maab+nabc-treoe i> homogeneous with respect to a, b, and o ; and of the 
third degree, unce in each term there is either o, b, and e, or one of 
these repeated alone, or with another, so as to ma^e ttuee in all. Thus, 
Zttnabe, iiabosa, maaaaa, ruiaibc, are all homogeneous, and of the fifth 
degree, with respect to n, i, and c only ; and any expreisioD made by 
adding or subtracting these from one another, will be homogeneous and 
of the fifth degree. Again ma+mni is homogeneous with respect to a 
and i, and of the first degree ; but it is not homogeneous with respect 
to <n and n, though it is so with respect to a and n. Tliis being pre- 
mised, we proceed to ■ theorem,* which will cont^ all the lesulls of 
'184), (18B), and (188). 

190. If any four numbers be proportional, and if &om the first two. 



• AOwcre 


mil 


geoKalnuai 


bj four wHen 


Its Uit iwo flgu™ 


proportion Ih 


prod 


ctrflhceilre. 



very nuc 
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a And b, uiy two homogmcoiis eipresBioiiB of the ume degree be formed ; 
and if fr6m the last two, two other expremotia be formed, in preciselj 
the lame manner, the fouriesultB will be pcoportiODaL For example, if, 
a : b :: e : d,and it vtaa+iaab and bbbtaib be chosen, which are both 
homogeneous with respect to a and b, and both of the third degree ; and, 
if the corresponding expressions lecc+yecd and ddd+cdd be formed, which 
are made from s and d piedtely in the same manner at the ttto fonner 
onei from a and b, then will 

laaa+'iaab : bbb+abb : : mce+'imd : ddd+edd 

To proie this. let - be called ». Then, since t = »■ »nd t ~ "j. it 

follows that - " X. But since a divided by b gives z, x multiplied 
by i will give a, or a — 4». For a similar reason, e = d». Put bx 
anddz instead of a and cin the four expressions just ^ven, recollerting 
that when quantities aie multiplied together, the result is the nme 
in whatever order the mnltiph'cations are made i that, fbr example, 
ixbtix U tha mme at bbixxx. 

Hence, zooa-fjaai ~ i&iix&rt-]&r&r£ 

= libbxxx+jiiLex 
which it lib multiplied by ixjtr+irx 

or bbb (ix»x+2x*)* 

ffimilaily, iwo+jccrf = ddd (i*x«4-3*») 

Alw, bbb* oM - bbbi-b^b 

— bbb multiplied by l-hr 
or lib (i*x) 
SimiUrly, ddd+cdd — ddd [i+x) 

Now, bbb : bbb :: ddd : ddd 

Whence (186), iU(2««rV3n) : blb(i+») :: iUd(urxjH-jxc} : ddd 
(i+a), wMch, when iiutead of these expressions their equals just found 
are substituted, becomes uuKH-jiuii : Ibb+abb :; acco+itwiJ : ddd+cdd. 

* If ^H be tubstlttilcd for a hi sny exprEulon which it homi^neoua wUh t«- 
■peet to d mud b. the jiapll m&y euBy se« thst b must occnr tn ererr tann « ofCn u 
Iben STfl UDltB fn the dcp» of thfl BipmelDii : tbui, mx-f-ob becomes AckB4'^'* 
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The maae reawMiiiig maj be applied to an; otber cue, mid the pupil 
may in this way prove the fallowing thsorems ; 
If a : b :: B : d 

i»t3S : b' :: wM-sd : d 
aa+bb", aa^bb :: cb4<U : ve—ibl 
mab ', loo+ii : : ned : mc+dd 

191. If tlie two meam of a proportion be the tame, toaC i*, if 
a '. b I', b : e, the three Dumbera, a, b, and e, aie aaid to be in 
conHnaed propoitian, or in gaometricai pTogressiaa. The ume ternu 
aje applied to a •eriea of numbers, of which any three that fbllow one 
another are in continued proportieu, AUch ba 

I z 4 E 16 31 64. &c. 

J 2 I 1. ± -^ — Slc 
3 9 17 81 143 719 

Which are in continued proportion, unce 

!.».. a.4 2 .-..-. - 

i;*:: + :8 -:-:;-; — 

3 9 9 »7 

192. Let a, £,£,((, &C. be in continued proporticnti we have then 

a b 
a : i :: b : e or 7 — - or ae^bb 



Each tenn h farmed ftom the preceding, by multjplymg it by the same 

b e abbe 

number. Thus, S = -so (180); e^ -xb; and once 7 — -,- — 7 

b ^ d d o ^ c fi o 

01 e •* -Kb, Again, d — -xc, but ~ ~ 71 which ie — -; therefore, 

d •" -xc, and so an. IC; then, - [which is called the cmmum ratio ot 

the series) be denoted bj r, we have 

b^ ar c - br - arr d - er m am 

Bnd so on ; whence the series 
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(1!« 



(IM) 



AIbd a ; e :: aaaa : bbbb, 

that is, the firat bean to the n"* term from the lirat the erne p 
aa the n" power of the first to the n* power of the socond, 

193. A short rule may be found for adding together any niunber of 
terms of a continued proportion. Let it be fint requiced to add togetliet 
the terms i,r,rr, &c. where r ia greater than unity. It is evident that 
we do not alter any eipiMsion by adding or subtracting any numbers, 
provided we afterwards subtract or add the same. For example, 

J) — p— 5+j— r+p— <+i 
Let us take fbur terms of the seriea, i, r, rr, Ac or, 



Now CS4). f^ = r(t-0. "T-rr = fr(>^0. rrr.-"r - rrr {r-x\ 
and the above equation becomes pm^i — rfT(t^i) + tT(r— i)t-r(r-i> 
+r-i; which ia (6*) rrr+rrfiH-i taken p-i times. Hence, rtrt— i 
divided by r— i will give HH-rr+rr r , the sum of the terms required. 
In this way may be proved the following aeries of equations : 
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Iff be lens than unitj, in order to find i+r+rr-Hrr, obserYe that 

= ,-r+r(.-r)*rr(i-r>+m<i-r); 
whence, b/ rimilar reaKoning, i+r+rr+rrr is found by diriding i—rrrr 
by I— r ; and equations similar to these juat given may be found, 
irhicli are. 



The rule is : To Gad (he sum of » terms of the series, i *r*rr+&c.. 
divide the difforenca betweeo i «nd the (n+i)'' term by the difiereoce 
between i and r. 

194. This laay be applied to finding the sura of any number of 
terms of a continued proportion. Let a, &, e, &c be Ihs teitns of which 
it is required to sum four, that is, to find a+bHi+4, or (192) a+ar 
-Mrr+am-, or (54) a(i ■^r+rr+rrr), which (193) is ^ ''"''^' na, or '~'^^ 
xa, aooording aa r ia greater or less than unity. The first fraction is 
^'^" -, or (182) -^^. Similarly, the second is ■^-^. The rule, 
therefore, is: To sum n temis of a continued proportion, divide th: 
difference of the b+ i* and firet terms by the difference between unity 
and the common measure. For example, the sum of lo terms of the 
■eiies i+2-*^-H7-t&c is required. The eleventh term is 59049, anif 
=* is 19S14- '^B^i 1'^ s'lni "^ '^ terms of the series 1+1+ 



-+&C. of which the nineteeDth t 



_i^jio7i 
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;+&C 



84.7431675 
101768035 

1048576 



ISA, Thepowereof anumber orftsction greater tliftn unily increaae j 
for nnce a- ia greater tlian i, i-n i- is i- taken more than once, that 
is, in greater tlmn »-, and BO on. This iDcreaao goei on without limit i 
that is, there is do quantity so great but that some power of a- is greater. 
To prove this, observe that everr power of i- is made by multiplying the 
preceding power by i-, or by i+i-, that ia, by adding to the former 
power that poirer itself and iU half. ThaM will, therefore, be more 
added to the loth power to form the tith, than was added to (he 9th 
power to form the loth. But it is evident that if any given quantity, 
however small, be continually added to z , the result will come in time 
to exi;eed any other quantity that was atao given, however great ; much 
more, then, will it do so if the quantity added to a- be increased at 
each step, which is the case when the successive powers of a- are formed. 
It is evident, also, that the powers of 1 never increase, being always i ; 
thus, iKi — I, &c. Also, if a be greater than m tjmes A, the square of a 
is greater than mm times the square of b. Thus, if a •• zb+e, where 
a is greater than ib, the square of a, or aa, which is (SS) ^-Ulie+ix 
is greater than 4^6, and so on. 

196. The powers of a fiaction leas than unity continually decteaae ; 

thus, the square of -, or - x , is leas than -. beinji onlv two-Gflhs of it. 

5 5 S 5 

This decrease continues without limit ; that is, there is no quantity so 

smaU but that some power of - is less. Fnr if ^ — S', - — -, and the 

III S IS* 

powera of - are — , , and so on. Since * is greater than 1 (195), 

some power of x may bo found which shall be greater than a |^ven 

qURnlity. Let this be called in ; then — is the corresponding power of- ; 

and a taction whose denominator can be made as great as we please, cut 

itself be made as small as we please (112), 

197. We have, then, in the series 

1 r IT TTT rrrr &c. 

I. A series of increasing tenns, if r be greater than 1. II. Of terms 
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having the sama value, if r be equal Ui i. III. A aeries of decTeaung 

termi, if r be legathan i. In the firat tvo cases, the sum 



ma]' evideiitly be made as great as we please, bj Buffidentlj increaung 
the number of terma. But in the third this maj or maj not be the 
case ; for though somethiug is added at each step, jet, as that augment- 
ation diminishes at every Step, ne ma; not certainly say that Te can, 
by any numbec af such augmentations, make the result as great ns we 
plisase. To shew (he contrary in a simple instance, consider the series. 

Carry this series to what eitent we may, it will always be necetoary to 
add the last term in order to make as much as z. Thus, 






*H*i)*ii-''"' 



But in the series, every term is only the half of the preceding j con- 
sequently no number of terms, honever great, can be made as great 
as I by adding one mare. The sum, therefore, of i, -, -, -, && con- 
tinually approBcheB to i, diminishing its distance from i at every step, 
but never reaching it. Hence, i is called the limit of i-l — +~+&c. 
We are not, therefore, to conclude that every series of decreuaing terms 
has a Umit. The contrary may be shewn in the very simple series, 

I -i — ^ — h — t&e. which may be written thus; 
134 

We hare thus divided all the series, except the first two (eims, into 
lots, each containing half as many terms as there are units in the deno- 
minator of its last term. Thus, the fourth lot conlaine 16 or — teons. 
Each of these lots may be shewn to be greater than -. Take the third. 
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for exmnple, conustinir of -, — , - , — , — , — , — , and -;. All eicept 

-\, the last, are grealer than — ; conBequenlly, by mhatihiting -5 for 
each of them, the amount of the whole lot vould be lessened ; and at 
it would then become -;, or -, the lot itself is giealet than -. Now, 
If to I ■*-, - he continuallj added, the reault will in time exceed anj 
given nuDiber. Still more will this be the case if, instead of -, the 
WTcral lots written abore be added one aftei the other. But it is thua 
that the seriea i-l — +-, &c. ii composed, which prores what wai said, 
that this series bus no limit. 

198. The series i+T+rr+rrr+Ac. always has a limit when r is le» 
than I. To pro'e this, let the term succeeding that at which we stop 

be a, whence (IH) the sum is -^^, or (113) -^ ^. The tenra 

decrease without limit (196). whence we may take a term so far distant 

from the beginning, that a, and therefore , shot! be as small as we 

please. But it is evident that in this case , though always 

less than , may be broaght aa near to as we please ; that is, the 

series l+r+tT+&c. continnallj approaches to the limit . Thus 

i+-+-*;+&c. where r — -, continually approaches to — — or a, as 
was shewn in the last article. 



The limit of 3+ - + - **c 
J 9 

or i(,tl4 i +&c.)isj 

q Si 
i+-^-i-^-+&o.... 10 

5+ftc... Sj 



7 49 



IH. When the fraction - is not equal to ->bnt greater, a is said to 
have to A « greater ratio than has to if ; and when | is less than ^ a 
is lud to have to £ a lei* ratio than e has to d. We propose the fol- 
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loving quesdoiu as exercisea, unee tile; (bllow very simptj JVom this 
dBfinitioTU 

I. If a be greater than b, and c less tiian or equal to i^ a will ha>e 
a greatei raljo to i than e haa to d. 

II. Ifa be teas than A, and o gieatei than or equal to it, a hHi a less 
latio to b than e has to d. 

III. If a be to i as < is to d, and if a haie a greater ratio to b than e 
hag to X, d is less than 7 i and if a have a leas ratio to i than o to z, d is 
greater than r. 

IT. n has to i a greater ratio than ax to b»*f/, and a teas ratio than 

200. If a have to £ a greater ratio than o has to rf, a-fo has to b+d a 
less ratio than a has to b, but a greater ratio than v has to d; or, in 
other words, if rhe the greater of the two bactians- and ~, rr; will be 

greater than -, but less than -. To shew this, observe that ^ must 

lie between x and ji, if x and y be unequal : for if « be the less of the 
two, it ii certain!}' greater than or than < ; and if y be the greater 

of the two, it is certain!]' leas than -^ — -, or than g. It therefore lies 
between i and y. Now let t lie 'i ^'^^ let ^ be p ; then o — S», « — rfy. 
Now —r—r '> something between m and ji, as waa just proved ; therefore 
T — is something between - and -. Again, since - and - are respectiTelj , 
equal to ~~ and -^i and unce, as has just been proved, , ^7 lies be- 
tween tlie two last, it also lies between the two Arst; that is, 'dp and 
g be anj numbers or fractions whateoever, t^^ lies between - and -f. 

301. By the last article we maj often form some notion of the value 
of an expression too complicated to be easily calculated. Tbug, -■■ - 

that is. between - and — . And it h^ been shewn that lies between 

^ * Sp * 

a and b, the denominator being considered as i-f i. 

, . , a+l-Hi^ , 

202. It may also be proved that a liaction such as aJways 

aba d p+j+r+-» 

lies amonj; -, -, -, and -, that is, is less than the greatest of them, and 
greater than ihe least. Let these fractions t>e airanged in order of 



lies between - and — , or i and - ; —r— lies between - 
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magnitude ; that U, let - be greater than -, - be greater than -, ami ■ 
d P 7 » ' ' 

gieaterthan -. Then bj (200) 

p+9 g p I 9 •■ 

a+i+o 5 o+i , o 2 " i <* 

• — - and - 1 - and - 

P+g+r 5 P+9 P t >■ • 

B-t-frHT+rf a+i+fl J f I f 

p+9+r+i P+9+r P ' 

whence the piopoBilion is evident. 

203. It is luuat to s^nil^ " a is greateF than i" bj a>6, and " a is 
less than i" hj a<b; the opening of A being turned towards the greater 
quantit]'. The pupil is lecommended to make himself famiHai with 
Iheniigiu. 
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204. If ■ numbet of counter*, distingmahed by different letten, be 
plac«d on the table, and anf number of them, sa; fbur, be taken away, 
the quea^on U, to determine in bow man; difienat wajs this can be 
done. Each iray of doing it gives what is called a eombiaaHan of four, 
but which might with more propnety be called aieleelioa of foul. Two 
comblutione or selectiona are called different, which diffbi in any way 
whatever; thus, abed and attr are difTcrent, d being in one and « in 
the other, the remaiiiiag parta being the same. Let there be six countera, 
a, b,e, d, «, and/; the combinations of three which can be made out 
of them are twenty in number, as follow : 

abe ace bed bff 
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cd abde aede adtf i 



206. Each of these oombinations may be written in eeverel differenl 
orders ; thus, abod may be disposed in any of the following waja : 
abed acid audi aide adbe adcb 

bacd cabd nat^ bade diAc daeb 

bead ebad edab bdao dbae dcab 

bcda ebda odba bdea dbea dcia 

of which no two ue entirely in the same order. Each of these is said 
to be a distinct permutation of abed. Considered aa a coinbinalion, they 
are all the same, aa each containa a, b, c, and d. 

206. We sow proceed to Rnd how many permutations, each con- 
taining one giien number, can be mode from the countere in another 
given number, ail, for eiample. If we knew how to find all the per- 
mutationa coalmining four counteis, we might make those which contain 
five thus : Take any one which coatjuns four, for example, atiif, tn which 
d and a are omitted j write d and e successively at the end, which gives 
abi^ aheje, and repeat the same process with every other permutation 
of four; thus, ddbe ^ves di^e and dabef. No permutation of five can 
escape us if we proceed in this maunar, provided only we know those 
of four; for any given permutation of five, as dbfea, will arise in the 
course of the process from dbfe, which, according to our rule, fumisheg 
^Jea. Ndther will any permutation be repeated twice, for di/tm, if 
the rule be followed, can only arise iVom the permutation di^e. It' we 
begin in this way to find the pennutations of two out of the aix, 



each of these gives Ere; thus. 



and the whole number is 
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Ag«n. 


ai gives abe abd abe aif 




ac aci <Kd a«, «c/ 



ind here >re jo, m 6x5 pennutatioiu of 2, eAch of which g:>es 4. 

permutations of 3 ; the vhole oumber of the Ust U therafora 6i';>c4, 

Again abe gives njoj o&w oh/ 

abd aide abdt ahdf 

and here aie no, or fixjic4, jiermuUtions of three, each of which givo 
} permatslione of four ; the whole number of the lut is therefore 
6x5x4x3. or 360. 

In (he tame way, the number of permutations of 5 is 6x5x4x3x1, 
and the number of penautsdons of aii, or the number of different waya 
in which Uie whole lii can be arranged, is ex;x4}i3izxi. The laM 
two reBulCa are the same, which must be ; for ainee a permutation of fire 
only omits one, it can only furnish one penaulation of aii. Ifinatead 
of Bi we chooae any other number, a. the number of permatstioni of 
two will be «(«-i). that of three will be ^x-\){t—i.\ that of four 
f(£— iX*— 1)('— 3), the rule being: Multiply the whole number of 
counter! by the next less number, and the result by the next len, and 
BO on, until as many numbers hare been multiplied togeUier as there 
are lo be counters in each permutation : the product will be the whole 
number of permulatioDB of the sort required. Thus, out of iz counters, 
pennntatiooB of four may be mode to the number of 11x11x10x9, <" 
iiISo. 



2P7. In how maay diftrent ways can eight peiBons be arranged on 
eight seats ? Anaeer, 40320. 

In how many vay% can eight persons be seated at a round table, so 
that all shall not hare the same n^hbouis in any two arrangements?* 

If the hundredth part of a &rthing be given for every different 
• Tht dlfTennu t*t«eaK Ibft pnbltm ud the lui Is left to the lDgeniiit]> sf 
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amogement vhich can he made of fitleen pereonii, to hoir mucli will 
the whole amoant? Aittieer, £13611608. 

Out of leTenteen cansonanta and five Towela, bov manj woida caa 
be made, having tvo coasoDanta and one Towel ia each F Anactr, 40S0. 

20s. If two or moie of the counteia hBTS the lama letter upon them, 
the □lunbet' of distinct peimutationa ii leea than that gjien b; the lut 
rule. Let tbete be a, a, a, 6, «, ij, and, for a moment, let as dlstinguiah 
between the three <a thus, a, a', a". Then, aiea't^'d, and af'bcaa'd 
aie reckoned as diitinct permutations in the rule, whereas they would 
not hare been so, had it not been fbr the accents. To compute the 
number of distinct penDutstions, let us make one with b, c, and d, 
learing places for the as, thus, { ) be ( ) ( ) iJ, If the <u bad been 
diaUnguished as a, i£, a", we might haie made jxiiri distinct pe> 
mutations, bj filliog up the Tocsnt places in the abote, all which six 
are the same when the as are not distinguished. Hence, to deduce 
the number of permutations of a, a, a, A, < 
we must divide the latter b; 3x1x1, or 6, which gives -^ 
01 110. Similailj, the nombei of permutatians of amiabbbce i 
9x8x7x6x5x4x3x1x1 
+K3X1XIX3X1X1X1XI' 



How man; variatioas can be made of the order of the letteis in the 
word antitiinitarian ? Aiaaer, 116116000. 

309. From the number of permutations we can eaail}' deduce the 
number of combinations fiul, in order to form these combinations 
independentt;, we will shew s method similai to that in (206). If we 
know the combinations of two which can be made out of a, i, c, i, e, we 
can find the combinations of tJiree, by writing successivelj at the end of 
each combination of two, the letters which come after the last contained 
in it. Thus, ail gives abe, ahd, abt; ad gives ads Onlj. No combination 
of three caa escape us if we proceed in this manner, provided only we 
know the combinations of two ; for anj given combination of three, as 
aed, will arise in the course of tbe process from ae, which, according 
to our rule, f^imishes aad. Neither will wj combination be repeated 
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twice, for and, tf tlie rule be followed, can onlj aiue irom bit, once 
neither ad nor al fHimuhes it. If we begin in this way to Gnd the 
combinatioiu of the fire. 



Those which contain e giye non?, aa before. 

Of the last, abed givea aUde, and the others none, which is eTidentI; 

true, since only one selection of five can be made out of fire things. 

210, The rule for calculating the number of combinaliani is de- 

rJTed directly boto that for the number of permutationi. Take 7 

uonnters; then, liuce the number of permutafJons of two is ^*6, and 

since two permutations, ba and ah, aie in any combination oi, the 

number of combinations is half that of the permntatians, or - — . 

Since the number of petmutalians of three is 7x6x5, and as eaeh 

corobinstioii abe has jxixi pencutatiouB, the numbeF of combiiM- 

tions of three ii -. Also, nnce any combination of fbnr, abed, 

coDtains 4x3x2x1 pennotationi, the numbec of combinationa of four 

ia '' — , and so on. The Rtle ia : To find the number of com- 

1x1x3x4 
binations, each containing n coonten, diride the corresponding number 
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of permutBtiani b; the proJuct of i, i, 3, && up to n. If« ba th» 
vhole numbei, the number of combioationi of two it — ' ; th^t of 

■1™, i. '-fc«^ i .w of ta i. ?<=ii<=a<£=i> ;'L » ... 

211. The rule am; in half the cum be timplified, ai blloira. Ont 
of ten couDten, for erei? diitinct leiection of MTen which it UkeD, a 
diMioct combination of 3 it left, H«ne«, the DBinber of eonbinatiou 
of teren ia u many u that of three. We M*; , therefore, find the 
eombinationa of three ioitead of those of leren ) and we moM moreover 
expect, and may e?n) anert, that the two finrnnla tot finding tbeM 
two nnmben of combiiiatioii* are the aune in reeutt, tboo^ diSbrent 
in form. And. eo it provea; br the nnmb«( of eonbinationi of le'en 

out of ten is — ; — , in which the product 7x6ii(k4. occun 

ixw3x4xsx6*y •^ '^ 

in both term*, and therefore maf be remoed from both (108), leaving 

— - — , which is the nomber of combinationa of three out of ten. The 
mix 3 
nme ma^ be shewn in other cates. 



How maof combinstioiu of fbur can be made out of twelve things ? 

What number ( 
at combinations < . 
can be made of 1^ 6 J L "S J I 5005 

How niiuif combinations can be made of 13 out of 51 ; or how man; 
di&rent hands mar " pereon hold at the game of whist ? 

AtuutT, G350il5;<>So<3a 
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BOOK 11. 

COMMERCIAL ARITHMETIC. 



SECTION I. 

VEIOBIg, SEtSDHES, &.B. 

S13. In making the calculations irhich are necenarj in cammercial 
a&in, no more proceases ue required than thou which have been 
explained in the preceding book. But there is itill one thing wanted 
— not to insure the accunic; of our calculations, but to enable us to 
compare and judge of their results. We have hitherto made use of a 
siBgle unit (Ifi), and hsTa treated of other quantitied which are made 
up of a number of units, in SectioDS II., III., and IV., and of those 
which coatain parts of that unit in Sections V. and VI. Thus, if we 
are talking of distances, and take a mile as the unit, an^ other length 
may be represented,* either bj a certain number of miles, or a certun 
number of parts of a mile, and (i meaning one mile) may bo eipieased 

lie knom (o Ilia cratraiy, there ma^ be quAnlitiej which lue neither uniti nor paiti 
dT Llie unit. Tike s muhemaKcal line of one toat la length, dtrldc it iuio ten paru, 
each of then parts Into ten puts, anil so on conLinuallj, Itm point A be taken at 
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Nther b7 a whok number or a fVactioD. But ire can euilj gee that m 

iBunj c^ses incoareBieiuies vould arise. Suppose, ibi example, I lay, 

that the length of one room ii — ofa mile.and of another of a 

mile. That idea can ve form as to how much the second a longer than 

the fintP It is necessarj to hare some smaller measure; and if ve 

divide a mile into 1760 equal parts, and call each of these parts a yard, 

we diall find that the length of the first loom is 9 jards and - of a fard, 

and that of tbe second 10 yards and ~ of a yard. From ttiis ire form 

a much better notion of these difierent lengths, but stilt aot a Tery 

perfect one, on account of the fractions - and — . To get a clearer 

idea of these, suppose the yard to be divided into three equal parts, and 

each of these part^ to be called a foot ; then ~ of a yard contains 1- 

10 10 9 3 

feet, and — of a yard contains ^ of a foot, or a little more than 

— of a foot. Therefore the length of the first room is now 9 yards, 
2 feet, and - of a foot; that of the second is 10 yards and a little more 
than - of a fbot We see, then, the convenience of having large mea- 
sures for large quantities, and smaller measure* for small ones; but this 
is done for convenience only, for it is paaiile to perform calculations 
□pon any sort of quantity, with one measure alone, as certainly as with 
more than one; and not only possible, but mora convenient, aa Isr as 
the mere cEdcuIation is concerned. 

The measures which are tued in this country are not those which 
would have been chosen had they been made all at one Ijme, and by a 
people well acquainted with arithmetic and natural phflosopfay. We 
proceed to shew how the results of the latter sdenca are made useful in 
tnii lystem of measures. Whether tbe circumstances introduced are 
sufficiently well ^nown to render the following methods exact enough 
fbr the recovery of astnmimical standards, may be matter of opinion ; 
but no doubt can he entertained of their being amply correct for 
eomneicial purposes. 

wards onwhkh this note ti written. It, thU say put of ■ foat un l» lepmantedu 
DCHlyMWe picue by inunMilM] fnutlim of iti snd this Is satBcienl fdr pnctical 
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It ia evidentljr deginible that weights and measures should olwityg 
continue the same, and that poateritj should be able to replace any one 
of them Then the original measure is loat. It is true that a yard, which 
il now exact, ia kept bj the public authoritieB ; but if this weie burnt 
by accident,* how are those who ahall live 500 yeara hence to know 
what was the length which their ancestors called a yard F To ensure 
them thia knonledge, the meoaure must be derived irom Bometbing 
which cannot be altered by man, either from dedgn or accident. We 
End Buch a quantity in the lime of the daily revolution of the earth, and 
alao in the length of Che year, both of which, as is shewn in astronomy, 
will remain the same, at least for an enormoua number of centuries, 
unless some great and totall}' unknown change take place in the solar 
EjElem. So long as astronomy ia cultivated, it is impossible to aappoae 
that either of these will be lost, and it is known that the latter ia 
365'i4»4 mean solar days, or about 365- of the average interval which 
elapses between noon and noon, that is, between the timea when the sua 
is highest in the heavena. Our year ia made to consist of 365 daya, and 
the odd quarter is allowed for by adding one day to erery fourth year, 
which gives what we call leap-year. This is the same as adding - of a 
day to each fear, and is rather too much, unce the excess of the year 
above 365 daya is not -15 but ■14214 of a day. The difTerence is -00776 
vf a day, which is the quantity by which our average year is too long. 
This amounts to a day in about 118 years, or to abont 3 daya in 4. 
centuries. Tlie error ia corrected by allowing only one oat of four of the 
yean which close the centuries to be leap-yeara. Thus, i.D. 1800 and 
1900 are not leap-years, bnt 1000 ia so. 

213. The day is therefore the Erst measure obtained, and ia divided 
into 24. parts or houra, each of which is divided into 60 parts 01 minutes, 
and each of these again into 60 parts or seconds. l)ne second, marked 
thus, i*,f ia therefore the 86400"' part of a day, and the following ia the 

• Blnce Ihla wu flrst writlen. the accidani bu hafpetHd. The tUmdard jianl waa 
u nijuied H to be rendend useleii tif the fite U the Hduks of PulliDunt. 

-t The mlnuU ind KcaDd ut often muked thai, 1', I" ; but thii notstlan ti luw 
ilmiMl enliiely opproprlited 10 lh> mlautt and Kcond of niiTiifar DHasnro. 



structed 



to aeeoada ar 
60 mmatet . . 

Tdagt . . . 

565 days , . . 

The second baving been obtained, a pendulimi can be con- 

hicli shati, when put in motioD, perfomi one vilrstion in 

one gecond, 10 the latitude of Qreenwicb-t If we were in- 

meuaures, it would be convenient to call the length of thia 

m a 7U1], and make it the standard of all oui: meiuutes of 

But as there ia a yard already established, it will do equallT 

tell the length of the pendulum in yardi. It vaa fbnnd bf 

ionen appointed for the purpose, that this pendulum in London 

393 inches, or abont one rard, three inches, and -^ of an inch. 

J' 
owing is the division of the jard. 



The lowest measure is a barieycom^ 

J barlq/corm are i inch . , 

12 inches i foot . . 

3 feet I j/ard . . 

J- j^rdt I pole . . 

40 poles or 110 garda . . 1 furlony . 

8 fnrUmgi or 1760 yards . i mile . . 

' The meuures In Italic! m Omtt wbkh it i> moit dhi 
iDuld lesm bf bej^rt. 
t Ths lengtbft of Che pendulmna nhlch will rlbj'alfi hi one 



e being capable of tbu extteme sccbtscj wlikb was 
Iwen oilgluillj obt^ned li; pntluB together three paiiu 
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Also 6 feet i &tIioiD . i tth, 

69- tnilee i degtee . i deg. oi i". 

A. geographical mile a ^th of a degree, and three such miles are oi 
nautical league. 

In the msaiurement of cloth or liaen the following ar« alto naed : 





, I quarter {of a yard) . 


3quarlen . . 


. I Flemish ell . . . 


S quarters . . 


. 1 Englirfi ell . . . 


6 quarter! . . 


. 1 French ell . . . 



2U. M 

All lur&cea are measured b; square inches, square feet, &c.; th3 
square inch being a square whose side is an inch in length, and so on. 
The following meaBurea tnaj he deduced ftom the last, as will afterwards 

144 iguon; JneAo are i tqtiare/ool i sq. ft. 

9 agvanfeet ... I aqtiara gOTd . 1 sq. jd. 
JO- square yards . . i sqnare pole . i tq. p. 
40 square poles . ■ i rood ... i rd. 

4 roods I acre ■ . . i ac 

Thus, the acre contains 4840 s'lunre yards, which is ten times a 
square of 11 yards in length and breadth. This 11 yards is the lengt) 
which land-auireyors' chains are mads to haie, and the chain is dinded 
into 100 links, each -ii of a yard or 7-91 inches. An acfe is then 10 
square chains. It may also he noticed that a square whose side is 
69- ysrds is nearly an acre, not exceeding it by ~ of a square foot 

Cnbes are solids having the figure of dice. A cuMc inch is a cube 
each of whose sides is an inch, and so on. 
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tjii cubic inches are i cubic foot . 

17 cubic feet ... I cubic jard . 

Thia m«uuTe is nc 

questions, In the mea 

lurefl were used, which 



I used, except in purely mathematics 
ita of different commodities Tarious mea- 
T reduced, bj act of parliament, (o one. 



This is commoalf called the imperial measure, a 

■UASTIaB or LIQUIDS IHD OF ALL D 



4j/tf& ore 


ipial . . 


^pint,. . 


iguan. . 


4?»ar(i . 


igalhn . 


tffotlom . 


rpeck* . 


4peck» . 


ibusM . 


Sbu!heb . 


lyuorfer . 


STuarter. 


lload . . 


The gallon in thia measur 


e is about 177 


Terj nearly 177^ cubic inches. 
217. The smallest weight 


Y 


n use la the gi 



274 cubic inches ) that ii 



cb is thui deter- 
mined. A TOBsel whoee interioi' is a cubic inch, when filled with 
watet^J has ita veight increased by i^i.-^.^i giaina. Of the grains so 
detecmiuBd, 7000 are a pound averdvpoit, and 5760 a pound (roy. The 






Lg puagnph tiom 



er imperial meaiun la applied to goods i*l 
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fint pound is alwafs used, except in weighing precioue mstala and 

(tones, sod also medicines. It ii dirided u fblloirB : 



17 — graina ara i diam . . 

16 drams, m drachmt . . i ounot* 

tS oarKea 1 pound , . 

it poundi I qtioTler . . . . i qr. 

4 qaarleri i hundred-areighl 

ID hundred-aeighi . . 1 Jon ..... 
The pound areidupois contaiiu 7000 grains. A cubic fbot of water 
weighs 61*3110606 pounds BTerdiipoig, or cjciy'i 369691 ounces. 

For the predons melals and for medicines, tlie pound troy, con- 
taining 5760 grains, is used, but is differently dirided in the two cases. 
The roeMurea are at follow : 

Hgraim axe t pennyaeight . . . 1 dwt. 

±0 pennyweighU . . , i tmncv -.--,. 1 oa. 

II ouncei I pound i lb. 

The pound troy contains 5760 grains. A cubic foot of wster weighs 
75'7374 pounds troy, or 908-3433 ounces. 



10 ffraini are i icmple B 

3 lemplei . . . . i dram 3 

3 dranu .... 1 otmee j 

11 ouneea i pouTtd H» 

218. The standard coins of copper, ail vet, and gold, nre, — the p^inj, 
which is 10- drams of copper ; the shilling, which weighs ] penny- 
weights IS grains, of which 3 parts out of 40 are alloy, and the rest 
pure silver; and the soiereign, weighing 5 pennyweights and 3- grains, 
of which I part ont of 12 ia copper, and the rest pure gold. 



The lowest coin is & feilhing, which is marked thus, -, being one 
fourth of a penny. 

I farthingt are i halfpenny -it , 

z halfpence i penny id. 

izpenee i ihUling ii. 

lo ahiliingi i pound' or aovereign . £ i 

n ahillinei i j7uinea.+ 

219. When odj quantity ia made up of aeveral olhen, eipieaaed in 
different units, such aa £i . 14 . 6, or icwt. iqr. jibs., it is called a 
aompoand qaanlitj/. From these tables it is evident that any compound 
qnantity of any suljgtance can be measured in sereial different Ways. 
For example, the sum of money which we call five pounds foui iMIlings 
is also 104 shillings, 01 1143 pence, or 4991 farthings. It is easy to 
ledace any quantity &om one of these measurements to another; and 
the following examples will be gufBcient to shew how to apply the same 
process, usually called Bbouctioh, to all sorts of quantities. 

I. How many &rthingB are there in £18. i».6^?t 

Since there are 10 shillings in a pound, there are, ia £18, iSxxo, or 
j6o shillings] therefore, iCtE . 11 is 360+11, or 371 shillings. Since 
tbere are 11 pence in a shilling, in 371 shilhnga there are 371x11, 
OT 4464 pence 1 and, therefore, in £18 . ix . 6 there are 44G44-6, or 
44,70 pence. 

Since there ore 4 ftrthings in a penny, in 4470 pence there are 

* Th< Englltb pound ii gtaeoDj ullcd tpaaid tltrllng, which dlitingvlilui It 
rroni the wtl^ht called spDond, and Bin fiom IbielBii cobu. 



njppllei Iti plan ; but U 

t FuthiDii ars be^ 

being -of* penny, iiwi 

SI -; the latter !■ mint 1 
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4470x4, or lyiSo fortMngs ; and, therefore, in iCiS . 11 . 6^ tliera 
are i7il3cH-3, or 17383 fkithings. The whale of this piocen maj be 
wriitea at toUowt : 



17S8CH3 - 178E3 
II. la 178S] fortliiDgB, hair'manj ponnda, shillinga, pence, and 
brtbinga aie there ? 

Since 17883, divided bj 4, givaa the quotient 4470, and the remninder 
J, 17883 fcrthingB ate 4+70 peace and 3 fctthinge (218). 

Since 4470, divided by ii, gives the quotient 371, and the remainder 
6, 4470 pence is 371 ehillings and 6 pence. 

Since 371, divided bj 10, ^ves the quotient iS, and tbe remaindei 
II, 371 shillings ie iS pounds and ii shillings. 

Therefore, 17883 fiirtliingB is 4470^^., nhich is 372;. C^., which i> 
;£ia . II . 6^. 

The process ma/ be written as fbltows : 
4)17883 
11)4470 ... 3 
■ ■ 10)371 ...6 , . , , 

£i8,ii.65 



A has £100 . 4 . II-, and B has £431)1 &TtMngs. If A receive 1491 
forthiogg, and B £ I . 1 . 3-, which will then hare the most, and by haw 
niDch? — ATineer, A wilt have £33 . 11 . 3 more than B. 

Id the following table the quantities written opposite to each other 
are the same : each Une furnishes two ezeicisea. 



^Gotli^lt^ 



BIDUCnOM, 



15 . tS . 9^ 


iSjo. fcrthing. 


J*. ,« gd>i 


663071 grainl^ 


J*- 14- 9^ 


1001 dnmi. 


.49'*»''9" 


1954.77 inclMM- 


jl*. ipU 1,. 


1160 pmtt. 


6- aj" 47. 


59017 teamis. 



220. The ame 1017 be done when the Damber fint expreaaed it 
fractional. For example, how man^ ihiltiDgi and pence are there in 
— of a pound f Noir, — of ■ pound ii -^ of ao AilUngn ; .^ of in 

is ±^, or S* (110), or — , or (105) 5' of a ihilUng. Again, - ot 

a shilling is - of iz peace, or 4 pence. Theretiire, £— •• 51. 44JL 

Also, '13 of a daj is '13x14 ia boun, or ;'"5i ; and 'ji of an hour 
is '5ik6o in minulee, or Jl"'!; and *i of 11 minute is 1x60 in secondi, 
or ij*; vhence "zj of a da; is 5* 31" 11'. 

Again, suppose it requ&ed to lind what part of a pound it. Sd, it. 
Since 6i. Sd. is So pence, and since the whole pound cont«ins loxit 
or 1411 pence, 6>. Sd. i* made hj diiiding the pound into 140 parts, and 

taking 80 of them. It is therefbre £ (107), but — - (108); 

* , 140 ^ ' 140 3 ' 

therefore, 6*. 8A - £-. 



-ofadaj is 9*36" 
■13841 of a day . . . 3* 4"' 54" ■6i4» 
-157 of B cut. . . . jS'" 11" 8''' 704 

£''4936 »' "''3' ■3856 

221, 222, I have thought it best to refer the mode of conyerting 
■hillings, pence, and &nhings into decimals of a pound to the Appendix 
(See Appendix On Decimal Monej/}. I should strong!/ recommend 
the reader to make himself perfectlj familiar with the modes giTen in 
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that Appeadii. To prarent the subeectuent Bectjons from being altered 
in their numbering, I have numbered this paragraph as above. 

223. The rule of addition* of two compound quantities of the name 
sort will be evident from the following example. Suppose it required 
to add £191 . 14. 2- to £6+. 13 , 11-. The sum of these two is the 
whole of that which arises from adding their several parts. Now 



JU. 



-rf. _ 2rf. ^ £0.0.1- (219) 



=<t.+ ^ - ^. .= iEo.o 

Ilrf.+ 2d. = 13d. = 0. 


. I- 


.3S.+ 14*. = 17s. = I. 


.0 


£64 +£i9i = 156- 


.0 


The sum Of all of which is £157. 


♦ 


This may be dune at once, and written as f 


How. 


£191 . 14 . i^ 




.,.,j.„J 





£157. 3. 1- 

Begin by adding together the farthing., and reduce the lesitlt to 
pence and ferthings. Set down the last only, carry the first to the line 
of pence, and add the pence in both lines to it. Rednce the sum to 
shillings and pence ; set down the last onl;, and carry the firtit to the 
line of shillings, and so on. The same method must be followed when 
the quantities are of any other sort ; and if the tables be kept in me- 
mory, the process will be easy. 

224. SVBiRACiioN is performed on the same principle aa in (40), 
namely, that the difference of two quantities is not altered by adding the 
same quantity lo both. Suppose it required to subtract £19 . 13 , io2 
iVom £14 .5.7-. Write these quantities under one another thus : 

• BeAne maiag this snlcle ud lbs nnt, sitlele) (») ssd (<1) IhoDld lie leid 



.Google 



flUBTBACrlOK. 



13. 10- 



>1. 



Since - cannot be taken from - or -, add id. to both qusntitio, 

vliich will not Biter tlieir difference; or, irbich is the nine thing, add 

4. &rthinga to the firat, and id. to the lecood. The pence and brthingi 

in the two lines then iland thiu : 7-^. and 11^ Now lubtract ~ 

6 .4-4 4 

&om -, and the difference ii ^ which miut be written under the 

fkrthings. Again, since iid, cannot be tubtlacted from jd., add if. to 
both quantities by adding ii<l. to the Ent, and it; to the aecond. The 
pence in the first line are then 19, and in the second 11, and tke 
difference is t, which write under the pence. Since the shillings in the 
lower tine were increased bj i, tbere are now 144. in the lower, and jr. 
in the upper one. Add lor, to the upper and £1 to the lower line, and 
the subtraction of the shillings in the second from those in the first 
leaves iit. Again, (here are now £to in the lower, and £1^ in the 
upper line, the dilTerence of witich is £i ; therefore the whole difference 
of the two sums 18^4. 11 . %-. If we write down the two sums with 
al! the additions which have been made, the process will stand thus: 
6 

jei4 - IS ■ 19- 



Difference i'+ . 11 . 8- 
226. The same method may be applied to any of (he quantitiea in 
the tables. The following is another example ; 

From 7 cwt. i qrs. 1 1 lbs. 14 01. 
Sublract a owt. J qrs. 17 lbs. 11 oz. 
After alterations have been made similaT to those in the latt article, the 
question becomes: 

From 7 cwt. 6 qrs. 49 lbs. 14 ox. 
Subtract 3 cwt. 4 qra. 17 lbs. 11 oi. 
The difference is 4 cwt. 2 qra.iilbB. zaz. 
In this example, and almost every other, the process may be a little 
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ihartcued ia the follaving way. Here ve do not aulitract 17 lbs. fram 
II Iba., which in impassible, but we iacreaie ii lbs, bj i qr. or li Iba. 
and then BubCract 17 Iba, from the sum. It would be shorts, aud lead 
to the same result, Gist to subtract 17 lbs. from i qr. or iS lbs. and odd 
the difference to ii Iba. 



A man has the following aonu to recdTe: £193 . 14 . ii-i 
£i2 .0.6-, £6473 .0.0, and £41) . 14 . 4 | and the tbllowing debta 
to psj: £200 . 19 . 6^, £305 . 16 . II, £11, and £19 .6.0-. How 
much will remain after pajing the debts I Anttner, £6iga ,7.4-. 

There are four towns, in the order A, B, C, and D. If a man can 
go ftom A to B ia 5° lo* jj*, from B to C in Si" 49" a', and from A 
to D in 19* o" 17% how !oi^ will ha be in going from B to D, and from 
C to D ? Anttaer, 13'' 39" 44.', and S*" so" 41'. 

327. In oMer to perfbrm the process pf Multipcicition, it must 
be recollected that, aa in (£3), if a quantit]' be dirided into BeTond 
parti, and each of these parts be multiplied bj a number, and th* 
products be added, the result is the same as would ariae from multi- 
plying the whole qiuuititj by that number. 

It ia required to multiply £7 . 1 3 , 6- by 1 j. The fiist quantity is 
made up of 7 pounds, 13 ahillinga, 6 pence, and i forthing. And 

J7 (213) 



I forth. X 


3 is 13 fcrth. or £ 


0.0 


6 pence x 


3 is 78 pence, or 


0.6 


13 sMlL X 


3 is 169 shilL or 


B.9 


7 pounds » 


3 is 91 pounds, or 9 


I.O 



The sum of all these is £99. 15 -9- 
which is therefore £7 . 13 . 6^x 13. 

This process is usually vrittea at follows : 
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228. Division k performed upcoi the SEune piincipte as 'in (74), 
Til. tbdt if a quantity be divided into aoj number of parts, and each 
part be divided by any numher, the different quotients added together 
will make up the quotient of the nhole quantity divided by that number. 
Suppose it required to divide £99 . 15 . 9^ by 13. Since 99 divided by 
13 gives the quotient 7, and the remainder 8, the quantitT it made up 
of £i}X7, or £91, and £3.15. g-. The quotient of the first, 13 beii^ 
the divisor, is £7 : it remaine to find that of the second. Since £S is 
1601., £i . IJ . 9- is 1751. 9^., and 175 divided by 13 gives the quotient 
13, and the remainder 6 ; that is, ij^. g-d. is made up of 169*. and 
6(. g-d,, the quotient of the first of Thich is 1 31., and it remains to find 
that of the second. Since 61, ia jid., 61. ^-d. ia %i~d., and 81 divided 
by ij gives the quotient 6 and remaindet 3 ; that is, Si-d. is jid. and 
3 -d., of the first of which the quotient ia 6d. Again, since ]if. is — , 
01 11 &Tthings, y-d. is r3 fartiiiogs, the quotient of irhicb is 1 feithing, 
or -, without remainder. Wo have then divided £^^ . 15 . 9- into 
four parts, each of which ia divisible by 13, viz. £91, i^gt., ^td^ and 
13 tiuthiogs; so that the thirteenth put of this quantily is ^£7 . 13 . 6-. 
The whole process may be written down as foUowa ; and the aaire sort ot 
process may be applied to the esereises which follow : 

£ ,. d. £ ,. d. 

'5)99 's 97(7 'J 6- 
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Here, each of tbe nnmben 99. 17;. Si, and ij, is dirided by >] in 
uie umal «st, thoogh tbe diriaor ii aalj vrittea before the first of 
them. 



2 cwt. I qr. II lb&. 7 OZ.X S3 ™ "9 cvt. 1 qr. t6 lbs. 3 01, 

1*4' 3"" i7*x 109 = ij6* 10^ i6" 3' 

£17 . 10 , S K 569 = £15666 .9.4 

£f .4..ix 123 = ie889. 14 

g 6 

*i66« — = £40.4.10— 

33 33 

€187.6.7- -^ = £s-^^-*~ 

4*. 6-<l.>i iiii = £254 . II . 2- 
41. 4^ X 4360 ' 6f. 6(1. X 2S413 
329. Soppoee it tequired to find how many times 11. 4-d. is contalaed 
in £3 . >9 . 10-. Tbe way to do this is to find tlie number of farthings 
ID each. B7 (219), in the Gnt there are 65, and in the second 383; 
ftrtbings. Nov, 3^35 cantons 6; 59 times; and therefore the second 
quantity is S9 i^e^ as great as the fitst. In the case, howerer, of 
pounds, shillings, and pence, it vould be best to uae decimals of a 
pound, vhich will give s sufficiently exact answer. Thus it. 4Af. is 
£'067, and £3 . 19 . 10^ is £3'994, and 3*994 dirided by '067 ia 3994 

by 67, or S97-- This is an extreme case, for the araalleF the diviwr, 

67 
the greater the effect of an erroi in a given place of decimati. 



How many times does 6 cwt. 3 qn. contain t qi. 14 Iba. i oz. F and 

1 2'' o" 47* contun j" 46*? Ansteer, i7'3o75! and 4i4'367257. 

If I cwt. 3 qm. I lb. coat £150 . ij . 10, how much does 1 lb. cost? 

stutter, 9.. gd. ■^. 

309 

A grocei mixes 2 cwt. i; lbs. of sugar at iid. per pound with 14 cwt. 

lbs. at 5d. per pound. At how much pei pound must he sell the 

lixture so as not to lose by mixing them? Anacer, erf.--^. 

4905 

230. There is a conrenient method of multipLcation called Puc- 

[CE. Suppose I ask. Bow much do 153 tons coat if each ton coal 

I2 . 15 . 7 ' ? It is plain that if this sum be multiplied by 153, the 
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product is the price of the wbole. But thia is also eiident, that, if I 
buy 153 tons at iCi , 15 , 7- each too, payment may be made bj flnt 
patting down £1 for each ton, then io>. foi each, then 5a., then 6d., 
and then 1^. These sums together make up jEi . 15 . 7-, and the 
TeBBOD Tor this separation of £1.15. 7- into different parts will be soon 
apparent. The process may l>e carried on as follows : 

1. 153 (ens, at £z each ton, will cost £306 o 

2. Since 101. is £~, 153 tons, at 101. each, will cost 

je-^, which is 76 10 c 

3. Since 5s, is - of 10s., 153 tons, at 5*., will cost half 

as much as the same number at lot. each, that 

is, - of £76 . 10, which is 3850 

i. Since 6* is — of js., 153 tons, at 6d. each, will 
cost — of what the same numbei costs at 51. 
.each, that ia, — of £38 . 5, which is .... ] 16 6 

5. Since 1- or 3 balance is - of 6d. or 11 halfpence, , 

153 tons, at i-d. each, will cost - of what the 
same nombei costs at 61I each, (hat is, - of 
£3 . iti . 6, which is o 19 1- 



The sum of all these quantities is ... • 
which is, therefore, £1 . ij .7-KI53. 

The whole piocess may be written down a 
^153 ° ° 

7610 o 



■ 415 ' 



£ipert( 



' of td. 
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What do 1735 Iba. coat at 9s. itA/. per lb.? The price os, 10^ 
is made un of w.. 4*.. 'Od., -d„ and -d.i of wWch !•. is - of j£i, 

4M, is - of £1, lod. ii - of s»., -d. is — of lod., and -d. ia - of -rf. 
Follow the same method as in the hut example, which givee the fol- 






Df£i 
of 5(. 

of^. 



^858 9 3- 



£0 9 loi 



In all cases, the price must first be divided into a number of ptuts, 
each of which is a simple fraction* of some one which goes befbra. No 
rule can be given for doing this, but practice will enable the gtudent 
immediatel]' to lind out the best method for each case. When that ia 
done, he must find how much the vhole quEntity would cost if each ol 
these parts vere the price, and then add the lesults together. 



What is the cost of 

243 cwt. at £14 . ig . S- pel nwU't—Anmrer, i'iizg . i . oi 

169 bushels at £2 . r . 3- per bushel 7—Anmier, £54.8 , 14 , 9-. 

173 qra, at 19*. id. per quarter? — Anatrer, £i6i . 11 . 6. j 

1617 lacka at jt. 8-rf. per sack ?— jlimoer, £1011 ,9.9-, | 

* Any (iscllon at t unit, nbose nnnwtUDT It nolt;, ii gcneiall; oiled w alljual 
pari of that unll. Thus, 2i. sod 1<U. Me Iwlh sUqust puU of 1 poimd, bting £ — 
juid E^. I 
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231. Throughout this leclioa h muit ba obcerved, that the mlea 
can be applied to cases where the quar.tiljes gireo axe eipreaeed in 
commoii or decimal fiactioDg, instead of the meBSures in the tables. 
The fbllowing are eiamplea : 

What is the price of lyi-j+yj cwt. at£i - ■ ■ 3- P*r d- f 

An«^, £s6i-ii^g, or £$6% . 5 . B- . 
66-lba. at ii. 4A1 per tb. cost £4 .11.5-. ' 

How man]' pounds, ghiUiags, and pence, will iyg-^oi acres let for 
if each acre lets for f 3-1076 ?—^n«toi;r,£S67-955», or £867. 19. i-. 
What does i of — of 17 buah. cost at- of- of:f ij , 14 per bushel? 
AniuieT, £z"} 146, or jca .6.3-, 
What is the cost of i(| lbs. 3 oz. 11 dwt. 3 gr. at ;f 4 .4.6 per ounce I — 
Jaawer,£999.i4.i-j. 

233. It ia often requued to find to how much a certain aum per da; 
will amount in a year. This may be shortly done, since it happeua that 
the number of daya in a year ia 140+110+5 ; so that a penny per day 
is a pound, half a pound, and 5 pence per year. Hence the folh>wing 
rule : To find how much any aum per day amounts to in a year, turn it 
into pence and ft^ctions of a penny ; to this add the half of itself, and 
let the pence be pomida, and each farthing fire shillings ; then add five 
times the daily som, and the total is the yearly amount. For example, 
what does iz>. 3^ amount to in a yearP This is 147-if., and its half 
ia 73 j<^, which added to 147^ gives iii~<(, which turned into pounds 
ia jfiiii . II . 6, Also, iii. 3^x5 is i'3 . 1 . 6^, which added to the 
former sum gives ^114 . 14 . o- for (he yearly amount. In the lama 
way the yearly amount of 2). 3'rf. is :£4i . iS . 5-; that of 6^ is 
£10.^.2,-; andthatof iiiisi'iS. 14.7. 

233. An inverae rule may be formed, sufficiently correct fiw every 
purpose, in the following way : If the year conaiated of 360 days, or 
- of 140, the Bubtiaction of one-third from any sum per year would giie 
tbe proportion which belongs to 140 days ; and OTei; pound so obtained 
would be one penny per day. But aa the year is not 360, but j6j dayi^ 
if we divide each day's ahare into 365 parts, and tahe <; away, the whole 
of the subtracted sum, or 360/ j auch parts, will give j6a parts for each 
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of the ; dayi which we neglected at Snt. But 360 such parts are left 
behind far each of the 360 first daja 1 therefbre, this addllianol process 
divides the whole annual amount equally among the 365 daja. Now, 
5 paris out of ^65 is one out of 73, or the 73d part of the first result 
moat be subtracted &om it to produce the true result. Unless the dailj 
sum be very large, the 7id part will do equally we]l, which, as 71 
farthings are iS peace, is equiialent to subtractii^ at the rate of ons 
farthing fiw iSi, or-rf. for 3)., or lod. for £3. The rule, then, is as 
fbllowi ; To End how much per day will produce a giveo sum per yesf, 
turn the shillings, &c. in the given sum into decimals of a pound (2Sl)i 
subtract one-third; consider the result Bs pence ; and diminish it by one 
farthing for eveiy eigbteen pence, or ten pence for Bvery £3, For 
example, how much per day will give £114 . 14 . 0= per year P This 
is 2i4'703, and its third is 74'90i, which subtmcted from IX4'703, giies 
149'Soi, which, if they be pence, amounts to i2>. 5'Sozif., in which 
II. 6(j. is contained 8 times. Subtract S ^rthiugs, or 2d,, and we hare 
lis. 3-Soirf., which differs from the truth only about — of a ferthing. In 
the same way, £100 per year is 51. 5-^. per day. 

234. The following connexion between the messures of length and 
the measures of lur&ce is the foundation of the application of arithmetic 
to geometry. 

Suppose an oblong Bgore, A, B, c, n, as hare drawn (which is colled a 
rectangle in geometry), with the side 1 b fi itachec, and the side a c 4 






inches. Divide a b and n (which are equal) each into fi inchea by 
the points a, h, e, I, m, &c. ; and A c and B D (which are also equal) 
into 4 inches by the points /, g, b, x, y, and «. Join a and I, b and m, 
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&C., and/and x, Ac Tbeu, the Sgatt 1 b c d ia divided into a number 
of iquaree ; for a squaie 19 a rectangle whoae Bidea are equal, and 
therefoie a a fa it iquare, unce a a is of the lame length aa a/, both 
being i inch. There are also four rovs of these squares, with six 
■quareB in each raw; that is, tbera are 6x4, or 14 squares altogether. 
Each of these squares has its sides i inch in length, and is what was 
culled ia (215) a square tncA. By the aame reasoning, if one side had 
contained 6 ganU, and the other 4 gardt, the Burfiice would haie 
eontaiaei 6x^ iguare j/ardt ; and so on. 

23j. Let us now suppose that the sides of a b c n, instead of being 
„ a whole number of inches, cont^n same iachea and a 

fiaction. For eiample, let a B be 3- inches, or (114) 
- of an inch, and !et a c contain 1- inches, or - 
of an inch. Draw a e tirice as long as a B, and A w 
four times as long as a c, and complete the rectangle 
xara. The teat of the figure needs no deseription. 
Then, since a b ia twice a b, or twice ~ inches, it is 7 
inches. And since ac is four times a c, or four times - 
inches, it ia 9 inches. Therefore, the whole rectangle 
A E F o contains, b; (231), 7x9 or 63 square inches. But the rectangle 
A E F o contains E rectangles, all of the same figure aa a b c D ; and 
therefore A B c o is one-eighth part of a a p g, and contains -^ aqu^w 
inches. But -^ "8 made bj multipljing - and - together (118). From 
this and the laat article it appears, that, whether the sides of a rectangle 
be a whole or a fractional number of inches, the number of square inchea 
in its sui&ce is the product of the numbers of inches in its sides. The 
square itself is a rectangle whose sidea are all equal, and therefore the 
number of square inches which a aqnare contains is found bj multiplying 
the number of inches in its aide by itselt For example, a square whose 
aide is 13 inches in length contains 13x13 or 169 square inches. 



What is the content, in square f^et and inches, of a room whoaa 
aides are 41 it. 5 inch, and 31 tl. 9 inch.P and supposing the piece from 
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which its carpet ig taken to be thi«e qiuctera of a yard in breadth, what 
length of it must be cut off? — Aniwer, The content ia 1346 aquare feet 
loj BCjuaie inches, and the length of carpet leqnired is 59S feet 6^ 

The sides of a, rectangular field are a;] yards and a quarter of a 
mile ; Low many acres does it contsin ? — Anateet, 13. 

What is the dilTerence betveen iS igvare miles, and a square of i3 
miles long, or iS mUenquarel — Antvir, 306 square miles. 

237. It is by this rule that the measure in (215) is deduced from 
(hat in (214); far it is evident that twelve inches being a foot, the 
square foot is iixii or 144. square inches, and so on. In a similar way 
it may be shewn that the content in cubic inches of a cube, or paral- 
lelepiped,* may be found by multiplying together the number of iocheB 
in those three sides vhich meet in a point Thus, a cube of 6inche* 
contains 6x6x6, or zi6 cabic inches; a chest whose sides are 6, S, and ; 
feet, contains 6x8x5, °' ^° cubic feet. By this rule the measure In 
(216) was deduced from that in (2U). 



SECTION II. 



238. Suppose it required to find what 156 yards will coat, if ix 
yards cost 17). ^ This quantity, reduced to pence, is xoSd. ; and if 
11 yards cost zoSd,, each yard costs — --^' But Ij6 yards cost i;€ 

times the price of one yard, and therefore cost xijS pence, or 

■ ^ pence (117). Agoin, if ij- French ftancs be 10 shillings 

sterling, how many francs are in £ao . 15 ? Since 15- fiancs are zo 
shillings, twice the number of fianes must he twice the number of 
shillings ; that is,- ; i francs are 40 shillings, and one shilling is the 

* A psTBlleleplp^d, or more propcTly^ itectan^inr pus]]el«plped. Is s figure of 
Ibe roim Dfs brick! Iti ilda, howeier, ma; bo cf SDjleiigtli! thus, lh> tgaie dt 
plank has Ihe ujn> nimw. A cub* li s psnUeleplpsd wltt equal sMts, SDCll M 
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fortieth part of ji francs, or -^ ftancs. But £1.0 151. eonlain 415 
shillings (218);. and gince 1 shilling k ^ fraacs, 415 shillingB is ^ 

>'4is francs, or (117) il^^lU f,»n^ *° ^ 

40 
239. Sudi questions as the last two belong to the most eiteusira 
rule io Commercial Arithnietio, which is called the Rule op Trbbb, 
because in it three quantities are gi?ea, and a. fourth is required to be 
found. From both lie preceding examples the following rule may be 
deduced, which the same nHHoning will shew to applj to all similar 



It must be obsersed, that in these questions there are two quantities 
which are of the same sort, and a third of another sort, of which last 
the answer must be. Thus, in the first question there are 11 and 156 
yards and io8 pence, and the thing required to be found is a number of 
pence. In the second question there are 10 and 415 shillings and ly' 
fiance, and what is to be found is a number of francs. Write the three ' 
quantities in a line, putting that one last which is the only one of 
ila kind, and that one first which is connected with the last in the 
question.* Put the third quantity in the middle. In the firat question 
the quantities will be placed thus : 

22 yds. 156 yds. I7i. 4A 

In the second question they wilZ be placed thus : 

act jEiq 15,. iS-&«De«, 

Bedace the first and second qnantities, if iLecessary, to qoantitieg of 
the same denomination. Thus, in the second question, £%o 159. must 
be reduced to shillings (319). The third quantity may also be reduced 
to any other denomination, if convenient ; or the first and third may 
be multiplied by any quantity we please, as was done in the second 
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queMion | and, on looking at the aiuwer in (338), and at (108), it will 
be Ken that no change ia mode by that mnltipHcation. Multiply the 
wcond and third quanlitiea together, and divide hj tbe fiiat. The 
reault ii a quantity of the Bsme sort ai the third in the line, and is the 
anaver required. Thus, to the firat question the anairet i* (33B) 
•08x156 , . , . ,, ,.. i7».4-J.Ki56 
^- pence, oc, which la the aame thing, ■ ^ 

HO. The whole proceai in the fint question ia as follom :* 



loS pence. 
.56 



*«) 31448(1474-* and ~, or — of a ftrthing, 
•» or (219) £6 . » . lol-t. 



The qaestion might have been solved without reducing 171. ^d, to 



• It u uuul to plm pslnti. In (hs muner ban ihtwn, bttweeo tba qi 
ThoH who tiaTB md Bectloii Vltl. will ■« tli« (he Rnla otTbrH li Dr> m 
tbe prooea for flndlng Ihv fooith terra of a proportLoc ITom tlw otbei (brBB, 
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yHt. yds. (. d. 

12 : ,56 :: ,7.4 

IS* (227) 

wIjEi JS ■ 4 - o(£6 . 1 . io2 2. (338) 
21 4" ^ ^ 

JXKH.4 - 6+ 
44 



The Btiident iqust leam by practice whicli U the taost conTeaieni 
method tor an; particutat case, as no rule can be giren. 

241. It uaf happen that the three giren quantitiea ate all of one 
denaminalion ; neverthelesa it irill be Tound that two of them are of 
one, and the third of another aort. For example: What moat an 
iDGome of £41x1 paj towards an income-tax of 41. 6d. in the pound ? 
Here the three given qnantitiee are, £va, ^f. 6d,, and £1, which bn 
all of the same spedes, liz. money. Kevertheteu, the first and third 
are income ; the second ia a tax, and the anaver ia also a lax ; and 
therefore, by (163), the quantitiea must be placed thua : 

£1 £400 :: 4j, 6A 

343. The fbltoving exercises either depend directly npon this rale, 
or con be ihewn to do so by a little consideration. There are many 
questions of the sort, vhich will require aome exercise of in|iennity 
before the method of applying the rule can be found. 

If 15 cwt. zqra. cost £19! . 15 . 4, what doe) i qr. 12 lbs. cost? 

AnmieT,£s- ■4-S-— - 

If a horse go 14 m. 3 fur. 17 yds. in j' i6" la', how long will he bo 

in going ij miles? Anstcer, ^' 
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Bum ; A tan pa-y <S»- 4-<l. in the pound, and B only 71. 6-d, At the 
■ame time A hiia in hia poMession 161304 . 17 more than B ; whiit do 
the debte of each amount to ? Anaasr, 163340 '^''^i'^- 

For every 11- ncree which one country contain*, a second containa 
56-. The second country cont^ns 17,300 square miles. Mow mnch 
doe* the first contain? Aigaht, for every j people in the first, tbers 
are s in the second ; and there are in the first 17 people on every 10 
acres. How many are there in each country ?—jiiuuwr. The number 
of square rrules in the first is 3844-, and its population 3,311,600 ; and 
the population of the second is S,53*,ooo, 

If 4a- yds. of cloth, i3 in. wide, cost 1659 .14-1, how much will 

118^ vdB. cost, if the width be 1 yd. P Jn«oer, £331 . 5 . a—. 

4' 17 

If jCS .3.6 laat ail weeks, how long will £100 last? 

Atimeer, 6s^^ weeks. 
- 367 

How much sugar, worth g^. a ponnd, must be given for 1 cwt. of 

tea, worth loiJ. on ounce ? Ansver, 31 cwt. 3 qn. 7 lbs. ~. 

—. jg 

243. Suppose the following question asked: How long will it take 

>; men to do that which 45 men can finish in lo days P It ia evident 

that one man would take 45x10, or 450 days, lo do the same thing, 

and that ij men would do it in one-fiReeath part of the time which it 

employs one jdbh, that is, in ^^--, or }o days. By this and similar 

reaaoning the following questions can be solved. 



If i; oien eat an aci« of grasa in 11 days, how long will it take 16 

ojen to eat 14 acres ? Atuaer, g6—- dajs. 

If 11 masons build a wall ; feet Ugh in 6 days, how long will it 

take 43 masons to build 10 feet ? Aiuaer, 6— daya. 

43 
2<lj. The questions in the preceding article form part of a more 

general class of questions, whose solution is called the DotiBLB R[ji.e 

OF Thbee, but which might, with more correctness, be called the Rule 

of Five, since five quantitiw are given, and a aixth is to be foand. 

The following is an eiample: If; men can make 30 yards of cloth in 

3 days, how lonR will it take 4 men to make 68 jardsp The first 



i 144. ITILB or THREE. 149 

thing to be done ia to find out, trom the fint port of the question, the 
tim« it will take one mao to make one jaii. Now, since one niaa, in 
% days, will do the lifth part of vhat ; men c&n do, lie will in 3 days 
make ^, or 6 yards. He will, tberefiire, make one jard in | or in ^^ 
of a day. Prom this we ire to find how long it will take 4 men tom^e 
6S yards. Since one man makes a yard in ^-^ of a day, lie will make 6S 
yards in ^x6K days, or (116) in lilHi days ; and 4. men will do this 



]o 



,2:12?!! J, 



Again, suppose the question to ba : If 5 men can make 30 yards in 

3 days, how much can 6 men da in 11 days? Hare we must Hnt find 

the quuitity one man can do in one day, which appean, on reasoning 

similar to that in the lost example, to be — ~ yards. Hence, 6 men, 
6x10 3'S ,—*„._ 

ID one day, inll make — — yards, and in 11 days will male ~ 

or 144. yards. 

From these eiamplea tlie following rule may be drawn. Writ« Che 

given quanlities in two lines, keeping quantitiea of the same sort under 

one another, and those which are connected with each other, in the 

same line. In the two examples above giran, the quantities must be 

written thus: 



6X3 




Drew a curve through the middle of each line, and 
of the other. There will be three quantities on one curre and two on 
the other. Divide the product of the three by the product of the two, 
and the quotient is the answer to the question. 
02 
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If necenaij, the quniititiea in «acb line ni<ist bs reduced to more 
Minple dHnonUDations (219), an was done in the (Hnmnon Rule of 
Three (238). 



If 6 horaea can, in t dajt, plough 17 acres, how mao; acres will 
93 horses plough in 4- days ? Antaer, 591T- 

If 10 men, fn %- days, can dig 7 rectangular fields, the sides of each 
of which are 40 and jo jardt, how long will yj men be in digging 53 
lieids, the Bidea of each of which are 90 and 1x5- yards? 

Aniaer, 75 day*. 

If the carriage of 6oGwt. through 20 miles cost £14. 101., what weight 
ought to be tarried 30 miles for jEs . 8 . 9 ? Amaer, iscwt. 

If £100 gain £5 in a year, how much will £3jo gain in } yean and 
SuonUuF Armeer, £ti^. 16 . E. 



SECTION III. 



345. In the questions contained in this Section, almost the onlj 

process which will be employed is the taking a fractional port of a sum 

of money, which has been done before in seveial cases. Suppose it 

required la take 7 parts out of 40 from £iS, that is, to 'divide £16 into 

40 equal parta,and take 7 of them. Each of these parts is j£ — , and 7 of 

16 i6»7 *" 

them make — M7, or pounds ( 1 16). The process may be wrjttoi 

£16 



ovGooi^lu 



INTBBBST. 



Sappoae it required to take |] parts out of a hundreil &um 

£5« ■ 13 . ?:■ 



=0)736 . 17 ■ Ae? . 



36.iiH-i7 - 737 



37<lt+l - 44S 



het it be required to take 1- parta out of a hundred from Z) I 
The result, bj the same rule is ^3 '"-"'t ^ ^ ^^jj ^i_£if:lj, 
that taking i- out of a hundred is th« itune ai UMng j parte out of 11 



Take 7- parts out of J3 from £1 lOt. Aiuaer, 4t. l—-d. 

Take 5 parta out of 100 from £107 ij». 4=i 

Jfwuw, £; . 7 . gaud — ofabithin^ 

£56 3*. id, is equall; divided among 31 persons. How much does 
the share of ij of them exceed that of the rest ? 

Amaer, £14 .11.4- -, 

216. It is tuwal, in mercaatile bueineet, to mention the fraction 
which one siun ii of another, bj saying how manj parte out of a hun- 
dred must be taken from the second in order to make the first Thus, 
instead of saying that £16 lu. ia the half of £33 41., it is stud that the 
first is 50 per cent of the second. Thus, £5 is i- per cent of jCsOO i 
because, if £ioo be divided into 100 parts, 1- of those parts are £5. 
Also. £13 is 150 per cent of £S . 13 . 4, Unca the first is the second 
and half the second. Suppose it aaked. How much per cent U i] 
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pans out of 5S ofanjnun? The qiiest[aD amounts to this: If be vho 

baa £$6 gets £100 tbr them, how much viU he who baa ij leceire? 

Thia, bj (2S8), ia ^^"'°° , or ^~, or +1—. Hence, zj out of s^ i» 

I S" 56 '4 

+1— percent. 

Similnrl; t(i part* out of t3 ia — , 01 88- per Mut, and 1 f am 

out of 5 ia , or 40 ?«■ cent. 

From which the method of reducing other fractions to the mte per 

Suppose it asked. How much per cent b j£6 . la . I of £11 . j 7 
Since the first contains isSGd., and the second 19161/., the first ia i;Se 
out of ijifi parta of the aeoond ; that is, by the last rule, it ia — — g-, 
or 54 — ^ or £54 . 7 . 9- per cent, very nearly. The more eipeditJoua 
way of doing thia is to reduce the ahillings, &c to decimab of a pound. 
Three decimal places will give the rate per cent to the nearest shil- 
ling, which is near enough fbr all practical purposes. For instance, in 
the laat example, which is to find how much £6'6dS is of iGtl'ts, 
6-6o8)(ioo is 660-8, which divided by ii-ij gives j!S4-'38, or £S4- 7- 
is may be had, if necessary, as iji ttte Appendix, 



How much percent is 198- out of 133 parts?— Jm. £85 .1,8^ 
Ooodl which are t>ought for £193 . tz, are sold Ra £zi6 . 13.4; 
how tDuch p«r cent has been gained by them ? 

Atuteer, A little less than £11 . iS . 6. 
A aelb goods ftir B to tbe amount of £130 . la, and is allowed > 
commiimaii* of 3 pet cent f what does that amount to P 

Jruaer, £6 . 18 4- A 
A stockbrobei buys £1700 stock, brokerage being at £- per cent; 
what does he receive !~An*axr, £z . 1 . 6. 



Id Che burlap uid Belling or Block In tlw fundi. 

loiuiuiB li ■ per-ccQUge paid to thoK who cnBifle lo nuks gi 
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A ship wtioBe lolue is £15^3 is insured at 19- per cent ; vhat 
does the mgutance amount to ? — Amaer, £3033 . 3.9--. 

247. In reckoning how moch a bankropt is able to pay lua creditor*, 
ai olao to how much a tax or rata amounts, it ii luual tn find how manj 
shillingB in the pound is paid. Thua, ifapeison who owes £ioq can 
only paj £50, he ig said to pay io». in the pound. The rule ia easily 
derived from the same reasoning as in (246). For example, £50 out 
of £»z is £|^ out of £1, or 5^ riiillinga, or im. »^^ ^ the 
poand. 

246. Intekesi is money paid for the use of otbec money, and ia 
always a per-eentage upon the sum lant. It may ba paid either yearly, 
balf-yeariy, or quarterly ; but when it ia said that £100 ia lent at 4 
per cent, it must be understood to mean 4 per cent per annam ; that ia, 
that 4 pounds are paid every year for the uae of £100. 

The sum lent b called the priimipal, and the interest upon it is of 
two kinds. If the borrower pay the interest as soon as, from the agiee- 
taeni, it becomes due, it is evident that he has to pay the same sum 
every year ; and that the whole of the interest which he has to pay in 
any number of years is one year^ interest multiplied by the number of 
yeaxa. But if he do not pay the interest at once, but keeps it in his 
hands until he retnms the principal, he will then have more of his 
cieditoi's money in his hands every year, and (if it were so agreed) 
will have to pay interest upon each year's interest for the time during 
which he keeps it after it becomes due. In the first case, the interest 
ig ualled ainpU, and in the second compound. The interest and principal 
t<^ther are called the amounl, 

24£. What is the ample interest of £1049 . 16 . 6 for 6 yean and 

one-third, at 4- per cent t This interest must be 6- times the intersct 
i 3 

any loss tlwy nuy nitein by uuldenU from Are. or (tonni, Keordlig to tha agise- 

Taie, trcl, sod cla7, lie allanances msile In lelUng good) b; wboleule, for the velghl 
of tbe bOKei or barrels nMcb coQtAln them, woito, &o. ; and sra aiumllj oltber lh« 
price oTsHTIaln uumtwuf pouiidB of the goodi far uoh box 01 birrd, OEaeertAin 
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of Uie (Une nun for one jeu, which (246) U found by multiplying the 
Bum by 4^, and diriding by loo. The procesB ia u follows : 
(230) 



{») 


£1049 . j6 . 6 


OX+ 


4"99. 6.0 


""; 


5H • i! . J 



("28) 5;" 





««^"t 


(*) 


£i7. 4."'>^Int.(or 


Sxfi 


..,. ,. .ii 


3 


■■s-"! 



£199. 4- o-2_Int. foifr-jn. 



What ia the intareit of £10$ . 6 . » for 19 yearn and 7 vee^ at 3 
par eentF Amaer, £60 . 9, very nearly. 

What is tha difibisnce between the ioterest of jCjo . 19 for 7 yean 
•t 3 per cent, and for 8 yeara at a- pet cent ? JtutBtr, io>. iV 

Whatiitheinteiertof jei57, 17 . 6 foe one year at 5peicent? 

Anavier, £7 . 17 . ic^-. 

Shew that the Interest of any aaa for 9 years at 4 per cent ia the 
same as that of the same sum for 4 years at 9 per cent t 

SiO, In order to find the interest of any mm at compound intereat, 
it is necessary to find the amount of the principal and interest at the 
end of Biery year ; because in this case (248) it ia the amount of both 



pincipal and intereat at the end of the firat year, opon wUoh intereat 
accumulates during the lecoad year. Suppose, for eiarople, it i« re- 
qiured to find the intereat, for 3 jeara, on £100, at 5 per cent, compound 
intereat. The following is the pioceaa : 
j£ioo FiiBt prinoipaL 
S Firet year's interest. 
105 Amount at the end of the first yeai. 
(2*9) 5 . J Interest for the second year on £10$. 
no. 5 Amount at the end of two years. 

5 . 10 . 3 Interest due for the third year. 
"S ■ >S ■ 3 AiEountat the end of three yean. 
100 . 0.0 First principaL 
1 5 . 1 5 . 3 Intereat gained in the three jeais. 
When the number of years is great, and the sum considerable, this 
process ia tei? troubteaome j on which account tables* ore constructed 
to shew the amount of one pound, for different numbers of years, at 
different rates of interest. To make use of these tables in tht present 
example, look into the column headed " j per cent ;" and opposite to 
the number 3, in the column headed " Number of years," is found 
'■■57^15 i meaning that £t will become aei'isyfiis in 3 years. Now, 
£100 must become 100 times as great; and i'i57635xioo is 1157615 
(Ul); but (231) £-761; is 15a. id.; therefbre the whole amount of 
£too is £115 . 15 . 3, aa before. 

261, Suppose that a sum of money has lain at simple interest 4 
years, at ; per cent, and has, with its interest, amounted to £350; it is 
required to find what the sum was at first. Whatever the sum web, if 
we suppose it divided into lOo parts, 5 of those parts were added eveiy 
year for 4 jeais, as interest ; that is, 20 of those parts have been added 
to the first sum to make £350. If, therefore, £350 be divided into 
no parts, loo of those parts are the principal which we want to find, 

* SaflldenC tablei fat all comi 
tn the Pannj Cjnlopsdis i intl 



156 



COMMBBCIikl. ABtTHMETIC. % SST-ZS]. 



.350^10 



and xo paits are intereat upon it ; that is, tbe principal ii 
or £191 . 13 . +. 

253. Suppose thai A was engaged to pay B £350 at the end of four 
jeaiB from this time, and that it a agreed between them that the debt 
aball be paid immediately ; suppcee, alsc^ tliat money can be employed 
at 5 per cent, simple interest ; it is plain that A ought not to pay the 
vhole sum, £350, because, if he did, he would lose 4. years^ iaters«t of 
the money, and B would gain it. It is tair, therefore, that he should 
only pay to B as much as vill, with iniereKt, amount in four yean to 
£350, that is (251), £191 .13.4. Therefore, £58 . fi,. S must be stiuck 
ofl the debt in considerstioii of its being paid before the time. This is 
called Discount i* and £191 . 13 . 4 is called thepreteni value of £350 
due four years hence, discount being at ; per cent. The rule for landing 
the present ealue of a sum of money (251) is ; Multiply the sum by 
100, and divide tbe product by 100 increased by the product of the 
rate per cent and number of years. If the time that tbe debt has yet 
to run be expressed in years and months, or months only, tbe montlie 
must be reduced to the equivalent fraction of a year. 



What is tbe discount on a bill of £138 . 14 . 4, doe i years hence, 
discount being at 4- per cent ? Aruiier, £11.9.1. 

WTiat is the present value «f £lojt . 17, due 6 months hence, 
interest being at j per cent? Antaer, £ior6 . is. 

253. If we multiply by o+i, or by o— ft, when we should multiply 
by o, the result is wrong by the fraction — ;, or — -, of itself: being 
loo great in the first case, and too small iii the second. Again, if we 
divide by a+b, where we should hx^e divided by a, the nsutt is too 
small by the fraction - of itself; while, if we divide by a-b instead 
of a, the result b too great by the same fraction of iteelE Thus, if wo 
divide by 10 instead of 17, the result is — of itself loo small ; and if 

• Tliii rule is obsolete in bnlbieta. When 1UII, fn Imtaoce, of i^lOO having 
• lax to nm, is diummttd (u peopi* now say) at C par sent, thia means OiU f pn 
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we divide b; 360 instead of 365, the result is too great bv -^ or — 
J65 73 
of itself. 

If, then, we wish to find the interest of a Bum of monej far a portion 

of B feai, and have not the auietance of tables, it will be found con- 

lenienl to mppose the year to contain only 360 days, in which case ita 

73d part line 7111 pan will gener^ly do) inust be lubtractod tiom tlie 

result, to mH^e the alteration of 360 into 363. The number 36a haaso 

lai^ a number of diviion, that the mle of Practice (S30) may alwsyi 

be readily applied. Thus, it is requiied to find the portion which 

belongs to 174 days, the yearly interest being £18.9. 10, or 18*491. 

174 '^'49' 

iSoia ^ of 360 ■ -146 



9)i4'074 
» )'-564 

I3'87! = jCjj . 17 . 7 Antwer. 

But if the nearest &rthlng be wanted, the best way is to take 
2-tenths of the number of days as a multiplier, and 73 ai a diTiaar; 
Binceni4-365isim-«-73a, or — ^1^73. Tha>,in the preceding instance, 
we molliply by 54*8 and divide by 73 ; acd 54'8iiiE'49i — ioi3'3otS, 
which divided by 73 gives i3*!l8i, very nearly agreeing with the former, 
and giving £13 . 17 . y-, which is certainly within a &rthing of the 
tnith. 

2£j. Suppose it leqnired to divide £ioo among three persons in 
such a way that tbeir aharea may be as 6, ;, and 91 that is, so that 
for every £6 which the first has, the second may haTe 1(5, and the 
third £9. It is plain that if we divide the £100 into 6-1-J+9, or lo 
parts, the first must have 6 of those parts, the second 5, and the third 9. 
Therefore (216) their shares ore respectively, £ , / ^,aiid 
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DIride £394 ' II among tmxr penons, to that their ihares may be 
aa 1, 6, 7, and 18,— Jnnoer, 1611,6.7-; jC7j . 19.9; £86.6.4.-; 
iCMi . 19 . 3. 

Divide £za among 6 peraonB, so that the share of each maj' be am 
mneh aa those of all who come before put together. — .Jnnssr, The first 
two have IK. 6ij the third £i . s; the fourth jgi. lo; the fifth £5: 
and the uxth jCto. 

355. When two or more persons emploj their ■none)' together, and 
gBJn or lo»e a certain sum, it is evidently not foir that the gain or Ion 
should be equally divided among them alt, unless each contributed the 
same lum. Suppose, for eiample, A. contributes twice as much as B, 
and they gain £ 1 5, A ought to gain twice as much as B ; that is, if the 
whole gain be divided into 3 ports, A ought to have two of them and 
B one,or A should gain jfiio and B £$■ Suppose that A, B, and C 
engage in an adventure, in which A embarks £250, B £130, and G 
£4,5. They gain £1000. How much of it ought each to have? Each 
one ought to gala as much for £1 as the others. Now, unce there are 
1504-I3O+4.5, or 4x5 pounds embarked, which gain £1000, tbr each 
pound there is a gain of £ . Therefore A should gain i- 

pdDDds, B should gain — poonds, and C -^ pomda, On 

these principlee, b; the process in (215), the fallowii^ qnestloiu may be 
answered. 

A ship is to be inanred, in which A has ventured £1918, and B 
£4963, The eipense of insurance is £474. . 10 , 1. How much ought 
each to pay of it? Amneer, A must pay £132 . 15 . a-. 

A loss of £149 is to be mode good by three persons. A, B, and C. 
Had there been a gain, A would have gained 4. times as much as B, 
and C as much as A and B together. How much of the lou must each 
beai? Anttmr,A pays £59 . 12, B £14. tS, and C £74. lo. 

356. It may happen Uiat several individuals employ seveml sums of 
money together for different times. In such a case, unless there be a 
special agreement to the contrary, it is riiht that the more time a sum 
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is employed, the more profit ahonld be mitde unnn it. IC fnr evun pie, 
A and B employ the same svun for the mme purpose, but i.'s mone; is 
emplojed twice as long as B'e, A ought to gain twice as much as B. 
The principle is, that one pound employed for one month, or one yttii, 
ought to give the same return to each. Suppose, for example, that A 
employs £z for 6 months, B £4 fur 7 months, and C jfiii for 1 months, 
and the gain is £100; how much ought each to have of itp Now, 
since A employs £3 for six months, he must gain 6 times as much as if 
he employed it one month only i that is, as much ai if he emplojed 
£6i>3, or £ii, for one month; also, B gains as much as if he had 
emplojed £4x7 for one month ; and C as if he tiad emplojed £11x1 
fbr one mouth. If, then, we divide £100 into 6k3+4K7+iii2, or 70 
parts, A must have 6x}, or i3, B must have 4x7, or iS, and C 
iixi, or 24 of those parts. The shares of the three are, therefore. 

6k3«oo ^ 4x7x100 ^^ £. ; - """' ■- .. 

6x3+4x7+11x1 6x3+4x7+i»x» 6x3+4*7+11x1 



A, B, and C embark In an ondertalcing ; A placing £} . IS for 
« yeara, B £100 for i year, and C £11 for 1- yeare. They gain 
£4176 . 7 How much must each receive of the gain ? 

Atuwer, A £126 . 10 . 4 1 B £3431 . 1 . 3 ; C £617 .15.5. 

A, B, and rent a house together for 1 yeais, at £150 per annum. 
A remains in it the whole time, B 16 months, and C 4- months, during 
th« occupancy of B. How much must each pay of the rent ?* 

Aiuwer, A diould pay £190 .11.6; B £90 . ii . ti ; C £i3 . ij. 

SG7. These are the principal rules employed in the application of 
arithmetic to commerce. There are others, which, as no one who nnder- 
■tands the principles here laid down can &il to see, ate rictually con- 
tuned in those which have been given. Such is what is connnonlj 
called the Bule of Exchange, for such questions as the following: If 

* Thla qnntian does oat Bt AtiI appear to foil under (be niLe, A liLIle thonght 
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10 shiUingB be worth ij- franca, io PVance, what is £160 vorth P This 
nuLj endentlj be done b}' the Rule of Thiee. The rnles heM giien 
Toe those which are most useful in common Ufa ; and the student who 
underelandB them need not f^ that any ordinoiy question will be aboie 
hU reach. But no student must imagine that trom this or any otbet 
bool of arithmetic he will learn precisely the modes of operation which 
are best adapted to the wants of the particular kind of business in which 
his future litb may be peiaod. There ia no auch thing as a aet of rules 
which are at once most convenient for a butcher and a banter's clerk, 
a grocer and an aclnarj, a farmer and a bill-broker ; hut a person with 
a good knowledge of the prineipiti laid down in this work, will be able 
to examine and meet hia own future wants, or, at worst, to catch with 
manner in which those who bav6 icone before bim haTo 
JO for themselTea. 
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APPENDIX 



FIFTH EDITION 



DE MOKGAN'S ELEMENTS OF ARITHMETIC. 



The rolai in the precediiuf work ore j[iven in the luual form, and the 
ezunplea ars worked in the usual monnei. But if the itndent reall; 
wish (o become a readj computer, he ihould itrictlf fblloT the methods 
laid down in thjB Appendix ; and ha may depend upon it that he irill 
tbereh; «a>e himself trouble in the end, aa well ai acquiro bsbila of 
quick and accuiale calculation. 

I. In numeration laam to connect each primary decimal number, 
10, loo, loco, &c. Hot with the place ia which the onit falls, but with 
the number of ciphers following. Call ten a mte-eipher number, a 
hundred a lao-mpher number, a million a tix^pher number, and so 
on. li five figures be cut off Irom a number, those that are left are 
hundred-thousands ; for roo.ono is a _tfM-dpher number. Learn (o 
connect tens, hundreds, thousands, tens of thousandB, hundreds of thou- 
sands, millianB, &c. with i, i, 3, 4. 5, 6, Sic, in the mind. What is a 
levenleen-eiphtr number ? For every 6 in seventeen say fniCion, for the 
remaining 5 say hundred-thmuand : the answer is a hundred thousand 
millions of millions. If twelve places be cut olf from the right of a 
number, what doea tbe remaining number stand for? — Aruwer, Aamany 
millions of millions as there are units in it when standing by ilselC 

II. After learning to count forwards and backwards with rapidity, 
as in I, I, }, 4, &c or 30, 19, 18, 27, &c, learn to count fbrwards or 
backwards by twos, threes, &c. up to nines at least, beginning from 
any number. Thus, beginning from fbur and proceeding by ■eceua, ve 
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buTe 4, II, ig, 25, 31, &C., along which aeriea you must leitm to go u 
eaulj as along the teiita i, s, 3, 4, &c. ; that is, as quicic as joa can 
pronounce the words. The act of addition moat be made in the mind 
without sJHistance : you must not permit younelf to say, 4 and 7 are 
II, II and 7 are ig, &e, ; but only 4, 11, iS. Ac. And it would be 
dedrable, though not so necessary, that you ahould go back as readily 
sa forward ; by sevens fbr instance, from sixty, as in 60, S3i 4^1 J9> &c. 

III. Seeing a number and another both of one figure, leant to catch 
Instantly the number you must add to the smaller to get the greater. 
Seeing 3 and S, learn by practice to think of 5 without the necMsi^ 
of saying 3 /rom S and there remaim ;. And if the second Dumber be 
the less, as 3 »id 3, learn also by practice how to pass up fVom S to 
the next number which ends with 3 (or 13), and to catch the necesnrj 
augmentation, five, without the necessity of formally undertaking ia 
words to subtract E from 13. Take rows of numbers, such as 

4160501164 

and practise this ni!e upon every figure and the next, not permitting 
youieelf in this simple cose ever to name the higher one. Thus, say 4 
and i (4 first, x second, 4 from the next number that ends with a, or 
II, leaves 3), 1 and 4, 6 and 4, o and 5, j and 5, o and i, 1 and 7, 
3 and S, 6 and S. 

IV. Study the same exercise as the last one with two figures and one. 
Thus, seeing 17 and 6, pass ftom 17 Dp to the next number that endi 
with 6 (or 36), catch the j through which you have to pass, and alloif 
yourself to repeal as much as "17 and 9 are 36." Thus, the row of liirum 
17719638109 will give the following practice: 17 and o are 17 ; 77 ana 
5 are Bi ; 71 and 7 are 79 ; 19 and 7 are 36 ; 96 and 7 are 103 ; 6j and 
; are 6S ; 38 and 3 are 41 ; Si and 9 are 90 ; 10 and 9 are 19. 

v. In a number of two figures, practise writing down the units at 
the moment that yon are keeping the attention fixed upon the tens. 
In the preceding exercise, for instance, write down the result*, repeating 
the tens with emphasis at the instant of writing down the units. 

VI. Leiirn the multiplication-table so well as to name the product 
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the instant the factors are «een ; that is, until 8 and 7, or 7 and g, suggest 
$6 at once, without the neeessitr of sajing " 7 times t are 56." , Thus 
looking along a loir of numbers, as 39706J4S, learu to name the pio- 
ducts of eveif aucceHire pair of digits as f^t as ;ou can repeat them, 
namelf, 17, 63, o, o, 30, 10, 31. 

TIL EaTing thorooghlj mastered the last exercise, learn further, on 
seeing three numbers, to augment the product of the Gnt and eecond 
by the third without anj repetition of words. Practise until 3, S, 4, 
for inWance, auggert 3 tiroes t and 4, or i8, without the necesail; of 
nying " 3 times S are 14, and 4 ii iS." Thus, 179136408 will suggest 
the following practice, 16, 6;, 11, 11, 11, 14, 8. 

Till. Now, csFTj the last Btill further, as follows: Seeing four figures, 
■s I, 7, 6, 9, catch up the product of the lirst and second, increased 
bj the third, as in the last, without a helping word; name the result, 
and add the next figure, name the whole result, laying emphasis upon 
the tens. Thiu, x, 7, 6, g, must immediately suggest "10 and 9 are 
39." The row of figures 77}£9E974 will give the instances jz and 

6 are 58; 17 and 9 are 36; 27 and Sara 351 61 and 9 are 71; 81 and 

7 are 881 79 and 4 are gj. 

IX. Hating four numbers, as 1, 4, 7, 9, vary the last exercise aa fol- 
lows : Catch the product of the Bnt and second, increased by the third ; 
but instead of adding the fourth, go up to the next number that ends 
with the ftinrth, as in exercise IT. Tiiiu, 1,4, 7,9, are to safest "15 
and 4 are 19," And th« row of figures 1713968919 will afibrd the in- 
itaoces 9 and 4 are 131 17 and 1 are 19 ) 15 and i are i(l i 33 and 5 
are 38 ; 61 and 7 are 69 ; 57 and j are 61 ; 74 and 5 are 79. 

X, Learn to find rapidly the number of times a digit il cODtained 
in given onjta and tens, with the remainder. Thus, seeing 8 and 53, 
arrive at and repeat " 6 and j over." Common short division is the 
best practice. Thus, in dividing 136410791 by 7, 

7) 136410791 

33771970, remainders. 
All that is repeated should be 3 and 1 ; 3 and 5 ; 7 and 5 ; 7 and 1; 
X and 6 i 9 and 4 ; 7 and o -, o and 1. 



164 

In perfiuming the lereni] rulca, proceed u fblloiFi : 
Addition. Not one word more than repeatinf; the numbers vrilten 
in the following procew: the accented figure U the one to be written 
down ; the doubly accented figure is canied (and don't wy " ctury 3," 
bat do it). 

4796J 6. 'S- '7. »3. 3'. ]"♦' i ". "• »'' '^ J'' aV ; 9. 

»6*i6 '^' *** ^'' ^^ ■*"'' '°' '*• ''^ "' '"*'' '' '' ''^'' 

rjmai '" verifying addit[on9, instead of the uiual way of 

819 omitUng one line, adding without it, and dien adding 

the line omitted, terify each column by adding it both 
11E174 upwards and dawnwards. 

Sn»TB*CTioK. The following process is enough. The carriages, being 
Hlwayi of one, need not be mentioned. 

From 7943615E19D 3 and 1', 4 and 5', 7 and 4', 3 and ^, 6 and 

Take 58645^61738 j'^ ,0 and »', 6 and o', 4 and 9', 7 and /, 

1079019545* 9 and o', 5 and i'. It is useless to stop and 

•■)'> ^ uid * make to ; for as soon M the 1 is obtained, there is no 

occauon to remember what it came from. 

Multiplication. The following, put into words, is all that need be 

repeated in the multiplying part ; the addition is then done as nsual 

The unaccented figures are carried. 

670383 



,I,« 






+011.58 


18', 49', 11', ; 


.', «i', tv, 


46,.61, 


w, ,r, .6', , 


■■. 49-. *•'■• 


5j6,o6, 


H', 66', 30', ; 


!'. S6-, !-!■. 


l»JM47 


■7'.7»'. Jl', 


1-, 6!', 6V, 



661070150S 

Verify each line of the multiplication and the final result by casting 
at the nines. [Appmiix II. p. 186.1 

It would be almost at ejay, for a peiaon who hai welt practised the 
bh exercise, to add each line to the one before in the process, thus : 



N THB HODS OF COMPUTINO. 



S ; zi and 9 are jo' ; 59 and 2 
■re £1'; 17 and x are 19 ; 1 
and 1 oie 4' ; 49 and aie 49'; 
46 nnd 4 are jV. 
On the right ii all the pioceu of farming the moand line, whicfa 
completes the muttiplieatioa by 7$, aa the third line completes that b; 
S76, and the fourth line that b; 9E76. 

Division. Make each muItipIicaUon and the fblloving tubtraction 
in one step, by help of the proceu in the 9th exercise, as follows: 
»7'93)4+>97»*0966i('SSi9730 " 

165778 
165410 
»69+59 

»J7S6 

6771 

The nnmb^ of words by which 36577 >■ obtained from 165401 (the 
multiplier bein)f 5) is as Killows : 15 and / are i."i ; 47 and 7* are 5*4 : 
J5 and s'arB4''o; 39 and 6* are 4''5 ; 14 and 1' are 16. 

The processes for eitracting the square root, and for the solution 
of equations [Aj^iendix XI.), should be abbreriatsd ia the same manner 
sa the diTiHon.* 

• Th« tsielm wtn And fuitba remnki OD this nlifiait In tba CampmliHt It Uh 
AMiaactoiKi*,»adiatbBaiippUnilalltllii Penof C/iiigailia.aiaanCaiapiilaltan. 



.,C,uogk 



APPENDIX 11. 



The proceu of mutinjr oul At iun£(, u it is oiled, a one vhich the 
janng computer should leom and piactiee, sa a. check upoa hii com- 
putatJODS. It ii not a complete check, once if one figure were mode 
loo small, and another as much too great, it vould not detect this double 
error ; but as it is very unlikelj that such a double error should take 
place, the check furnishes a, strong presumption of accuracy. 

The propoutton upon irhich this method depends is the following : 
If a, i,e,d be four nomhers, such that 

and if m bo any other number whatsoever, and if a, S, c, d, sevemllj 
divided by m, gjye the remaindera p, g, r, t, then 

give the same remainder vben divided by m (and perhaps aie themselves 

For instance, 334 - 17x19+11; 

divide these four numbers by 7, the remaiadets are 5, 3, 5, and 4. And 

5 and 5x3+4,07 5 and 19, both leave the remainder 5 irtien divided by 7. 

Any number, therefbre, bdng used as a divisor, may be made a check 
upon the conectneu of an operation. To provide a check «nicn may 
be most fit for use, we most take a divisor the remainder to which is most 
easily found. The most coavenient dirisors are 3, 9, and 11, oTirhich 
9 is br the most useful. 

As to the numbers 3 and 9, the remtunder is always the same as that ot 
tnesum of the digits. For instance, required the remainder of 146110377 
divided by 9. The Bum of the digita is i+4+6+i4i+o-f3+7+7, or 33, 
which gives the remaindei 5. But the easiest way of proceeding ia by 
throwing out nines as &st aa they arise in the sum. Thus, repeat 3, 

6 (1+4), 11 (6+6), saj J (throwing out 9)1 4^ *. 9 (throw this away), 7, 
14, (or throwing out the 9) 5. This is the remainder required, as would 
appew by dividing 146110377 by 5. A proof may be given thus: It 
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is obvious that each of the numbera, i, lo, ico, looo, &c. divided by g, 
leaves a remaiadeT i, uace they are i, 9+1, 99+1, &c. Can^quently, 
I, 20, loo, &C. leave the remainder 1 ; 3, 30, 300, the remainder 3 ; 
and aa on. If, then, ve divide, say 1764 by 9 in parcels, looQ will be 
.one more than an exact number of nineB, 700 will be seven more, and 
60 will be ni more. So, then, from 1, 7, 6, 4, put togathei, and the 
ainei taken out, comea the only remainder which can come from 1764. 

To apply this process to a multiplication ; It is aasertwd, in peg* K, 
that 10004569x3163 - 3I644+SI747, 

In easting out the nines from the first, all that is necessary ta tepeat 
is, one, five, ten, one, leven ; in the second, three, four, ten, one, /our ; 
in the third, three, four, ten, one, five, nine, four, nine, eight, twelve, 
three, ten, one. The lecuandera then are, 7, 4, i. Now, 7x4 ii iS, 
which, casting out the nines, gives i, the same aa the product. 

Again, in page 43, it is asserted that 

13796484 m 130000*183+6434. 
Cast out the nines iiam 13000, 183, 64E4, and we have 4, 3, and 4. 
Now, 4x3+4, with the nines cast out, gives 7 ; and so does 13796484. 

To avoid having to remember the result of one side of the equatjon, 
or to write it down, in order to coniVont it with the result of the other 
side, proceed as folloVs: Having got the remainder of the more com- 
plicated side, into which two or more numbers enter, subtract it tiom 
t^t and carry the remainder into the simple ude, in which there ts only 
one number. Then the remainder of that side onght to be o. Thug, 
having got 7 from the left hand of the preceding, take 1, the rest of 
9, forget 7, and carry in z as a beginning to the left-hand side, giving 
i< 4^ 7, i*> 5' "t »i *, '4, S. 9. °- 

Practice ivill enable the student to cast out nines with great rapidity. 

This process of casting out the nines does not detect any errors in 
which the remainder to 9 happens to be correct. If a pracess be 
tedious, and some additional check be desirable, the method of casting 
oat elenent may be followed after that of casting out the nines. Ob- 
serve thai lo^i, lOD— I, i<KK)+i, loooo— I, &.C. are all divisible by 
eleven. From this ths following rule for Ihe reznainder of dtvitJoD by 



II ras7 be dedoeed, and readily used by those who kno» the algebrucal 
proceM of auhtraction. For those who hare not got w far, it may be 
doubted whether the rule can be made eauei than the aotual ditirfon 
by II. 

Subtract the first flguje ftom the second, the remit from the third, 
the result from the fiiiirth, and so on. The final result, or the rest of 
II if the flgure be negatiTe, is the reminder required. Thus, to dirfde 
1641915 by II, and find the remMnder, we haTs i ftom 6, 5 ; 5 from 
4, — H —I from I, J i 3 from 9) 6 ; 6 from i, —5 ; — S from 5, lo; and 10 
19 the remainder. But 164. irives— i, and 10 is the remainder; 164391 
gives -5, and 6 is the remmnder. With very little practice those re- 
mainders may he read as rapidly as the number itself. Thus, for 
11761983J434 need only be repeated, i, 6, 0, I, 8, o, 3, o, 4, — i, 6, and 



When a question has been tried both by nines and elevens, there 
can be do error unless it be one nhich makes the result wrong by a num- 
ber of times 99 exactlf. 



APPENDIX III. 



Wb aie so well accustomed to 10, 100, &c., as standing; for ten, ten 
tens, &c,, that we are not apt to remember that there is no reason why 
10 might not stand for fire, 100 for five fives, &c., or fbr twelve, tweire 
twelves, Ac. Because we invent different columns of numbera, and let 
units in the different columns stand for collecUons of the units in the 
preceding columns, we are not therefore bound to allow of no collections 

If 10 stood for a, that is, if eveiy colmnn had it« nnjt double of the 
unit in the coliunn on the right, what wo now represent by i, 1, 3, 4, 
5, 6, &c., would be repres€9lod by i, 10, 11, 100, loi, no, in, 1000, 
looi, loio, ion. iioo, &(. This is the Mnory scale. If we take the 
temary scale, in which lO stands for ], we have i, 1, 10, 11, I2, zo. 



^1, 11, 100, loi, lai, Tio, &c In the guinaiy tcale, in which lo u 
fiv«, fn itands foi z tventj-fives, j fives, and 4, or oxty-nine. If we 
take the duadmar]/ scale, in which 10 is tnelte, we must invent new 
EjmbotB foi ten and eleven, because 10 and 11 now stand foi twelve anil 
thiiteen) use the lettere t and e. Thrai 176 meaiui i twelve-twelves, 
7 twelves, and 6, or two bundled and thirty-faur ; and lie means two 
hundred and seventh-five. 

The Dumber which 10 stands for is called the radut of tlie tetJe 
qf ttolation. To change a number from one scale into another, divide 
the number, written as in the first scale, by the number which is to 
be the radix of the new seals 1 repeat this division again and again, 
and the lemainden are the digits required. For example, what, in 
the quinary scale, is that number nMch, in the decimal scale, is 

5)17036 
5)3407 Rem'. I Antteer . . loiiiii 

j)68l > Quinary. Deefinil. 

Ferifieatim, 1000000 means 15625 

Sl^ ■ 10000 1.5° 

S)»7 . "^ "i 

5^ ':::::::: :^ 

S)" o I [ 

o > 1011121 17036 

The reason of this mle is easy. Oor process of diviuon is nothinfi 
bnt telling oflT 17036 mto 3407 fives and i over; we then liad 3407 
fives to be 6S1 fives of fives and x Jivei over. Next we form 6S1 fives 
of Eves into 136 lives of fives of fives and i five of fiTeaovet; and bo on. 

It is a nseM exercise to mumply and divide numbers represented 
in other scales of natation than the common or decimal one. Th^ 
rules are in all respects the same for all systems, Ihe nuniffr carried 
being ofwo^ the radix of Ae tyilern. Thus, in the quinary syetam we 
corr; fives instead of tens. I now give an example of multiplication 
and diviskm: 

L.an:a„,G<)Oglu 
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"34 


'9* 


3»4i3» 


(ii9» 


13x034 


• i.t. 


'W34» 


.79! 


4414.3 




11+3311M 


53s 


Dnndcdmil. 


DtdntKL 


4<9)7«t4-°H'6687 


70s)ii6 10744(5167 


4'9 


141. 


tss 


J074 
■394 


•5ji7 


"9 


'itf 




T«F 




ig£. 




155 




a„ 





49S 

Another wa; of turning a number from one Male into another is as 
fbllowi : Miimpl<r the Ent digit hj the eld radix in IA« tteit leaU, and 
add the next digit ; multiply the remit again b; the old isdix in die 
new Kale, and take in the next di^t, and ■» on to the end, alwajB 
unng the radix of the icate you vant to leave, and the notation of the 
acsle jon want to end in. 

Thai, suppoie it required to turn 166S7 (duodecimBl) into the 
decimal icale, and 1 641a (leptenary) into the quBtemary icale : 

16687 16431 



- iS 


JX7+6 - ji 


xii-t-6 


"7+4 






111 


"33 


.tii+8 


X7+3 


le^ 


11130 
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Oving to our dinBon of B foot into ii etpui fi**, tbs duodecimal 
scale often becomea rerj convenieat. Let tha aquue foot be aSta diiided 
into II porta, each put ii ti acjiiare inches, and the lalh of the nth 
is one square ineh. Suppose, now, that the tiro aides of »i oblong 
piece of graund ue 176 feet 9 inehea 7-iithi of an inch, and 6; feet 
II inehea j-iitha of an inch. Using the duodecimal scale, and Jut- 
deeimal Jraetiont, these numbers are ii8'$7 and 55'es. Their product, 
the number of sqasre feet required, ia thna tbimd : 

iiS-^ Aiuaer, iUS'n^t (daod.) square fbet, or 

SS''5 ii66otqu«refset 16 aqoare IncbM — and — 

6170* of a square inch. 

ii6ogj It vontd, howeier, be exact enough to allow 

'17^ 2-hnndiedths of a foot for everj qoaitai of an 

°'7" inch, an additional hundredth for aTeiy j 

6g«Si44« inches,* and i-hundredth more if there be • 

nth or i-tithe above the quattei of an inch. Thus, 9 — inches 

ehouldbe-76+'o]+'oi,or 'So, and 11— would be '95; and the preceding 

might then be found decimall; aa i76-gK65'9S u ji659-96«qtMre feet, 

near enough for everj pcactical purpose. 



APPENDIX IV. 



n or rnAcnoNS. 

Tbb deSiition of a bacdm ^tsu fn the text shewt that -, for 
instsnce, ia the tUnlh part of teoen, which is shewn to be the same 
thing aa tenen-niailu of a nnib But there are Tarious modes of speecb 
nnder which a faction may be ugniSed, all of which are more or less 

1. In - we hBTe the 9th part of 7. 

9 

2. 7-9thgofaumL 

S. The fraction which 7 is of 9. 

■ AndU ducreilDiioiuitiuiidniUlimiiicfOriiUrgEfnctlonofllimlnclm 
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4. Tbe times and parts of a time (io this csae part of a time only') 

vliich 7 cootaina 9. 

5. The multiplier which turoa »{»«> into wnnu. 

6. The ratUi of 7 to 9, or the proporfion of 7 to 9. 

T. The multiplier irhich alter* a, number in the ratio of 9 to 7. 

8. The 4th proportional to 9, i, and 7. 

The Rnt two viewa are in tiie text. The third n deduced thns: 

If we divide 9 into 9 equal parts, each is i, and 7 of the parts are 7 ; 

corueqnently the fraction which 7 is of 9 is -. The (burth view ft)UowB 

9 
immediately': For a Hiae ia only a word used to express one of the 

repetitions which take place in multiplicatioD, and we allow ouraeliea, 

hj an eaBj eitenmon of language, to speak of » portion of a number 

as being that number taken a purl qf a fime. The fifth view is nothing 

more than h change of words : A number reduced to ^ of its amount 

has ever; 9 converted into a 7, and anj fraction of a 9 which may 

remain over into the corresponding fiaction of 7. This ia completely 

proved when we prove the equation - of o = 7 times -. The uxth, 

seventh, and eiglith views are illustrated in the chapter on proportion. 

When the student comes to algehia, he will find that, in all the 

applications of that science, fractions such as - most frequently require 

that a and b should be themselves supposed to be ftactions. It ia, 

therefore, of importance that he should learn to accommodate his views 

. of a fiaction to this more complicated case. 

Suppose we take -~. We shall find that we have, in this case, a 
better idea of the views fium and after the third induBive, than of the 
first and second, which are certuinly the most simple ways of conceiving 
-. WehBvenOQot;onofthe/4-yhpartofi^, nor of 1- f4-Vhs ofa 
unit ; indeed, we coin a new species of adjective when we talk of the 
(4-Jth part of anything. But we can readily imagine that 3- is some 
fraction of 4-; that the first is sonw part of a time the secondi that 
there must be tomt multiplier which turns every 4- in a Dmnbei into 2- ; 
and so on. Let us now see whether wa can invent a distinct mode of 
applying the first and second views to such a compound fraction as 
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yfe can eoailj imagine a fourth pajt of a length, and a fifth part, 
meaning the lines of vbicli 4 and J make up the length in questioa; and 
there is also in exietecce a length of which feui lengthf and tvofifthft 
of a length niake up the original length in question. For inslancei we 
might Bay that 6, 6, 1 is h diviaion of 14 into »- equal parta — 1 equal 
pnrtg, 6, 6, and a Ihiid of a part, 1. So we nught agree to say, that 
the (i-jth, or ( i-lrd, or l*-)»t (the readet may coin the adjeotivo 
as he pleases) part of 14 is 6. If ire divide the line a b into eleven 
equal parta in c, d, B, &c, we must then say that a □ is the i ith pan. 



-I 



inOiefs-lth, AB the (j-jth. iP Ihe^i^Vh, io the (a^W ah the 
(i0th, *i the (i-)th, AK the (i|)tli, *t the (i-)th, am tha^i— )th, 

and AB itself the ist part of ab. The reader may r^iue the language 
if he likes (though it is not eo much in defiance of etymology as tiUkiag 
of multipljfing by -) ; but when A B is called i, be must either call 
A F — , or make one definition of one class of fractions and another of 
another. Whatever abbreviations they may choose, all peraoas will 
agree that t '■ " direction to find sach a ftaction aa, repeated i times, 
will give I, and then to take that ftattion a times. 

So, to get -|, the simplest way is to ditide the whole unit into 46 
parte ; 10 of these parts, repeated 4^ timet, give the vhole. The 

|iillillli|hillilii|liliillll|lllllllll|lllllL 

* J. J. " A ^ ±1 

4f 44 4S 4! 4i 

in — ;, and *- such parts is -;, or a c. The student should 
46 » 46 

try several examples of this mode of interpreting complex (tactions. 

But what are we to say when the denominator itself is less than 
unity, as in ~ ? Are we to have a ( - ph part of a unit F and what 
ie itp Had there been a 5 in the denominator, we should have taken 
q3 
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the part of vhich 5 vUl moke a nnit. Ab there is - in the denominator, 

we muBt take the part of which - will be a unit. That part u larger 

than a unit: it is i- units 1 i- is that of which - is I. The abaf« 

1 1 I I 5 

fiaction then directs tu to repeat i- units 3- times. By exleriding our 

word 'multiplication' to the taking of a part of a time, all multiplica- 
tions are also divisfons, and all dirisionB multiplicationa, and all the 
terms connected with eitbei are subject to be applied to the lesulls of 
the other. 

If 3,— fards cost 3- shillings, hoff much does one yard cost P In 
such a case as this, the student looks at a nwre simple question. If 
5 ^atda cost lo shillings, he sees that each yard costs — , or 2 shillings, 
and, concluding that the same process will give the true ies<ilt vhen 
the data are fiactional, be forms — , reduces it bv rules to ^ ot i-, and 
concludes that i yard costs iS pence. The answer happens to be 
correct i but he is not to suppose that this rule of copying for fiaetions 
whatever is seen to be true of integers is one which requires no demon- 
atration. In the above question, we want money which, repealed a- 
timea, shall give 3- Bhillings. If we divide the shilliDg into 14. equal 
parts, 6 of these parte repealed a- times give the shilling. To get 3- 
times as much by the same repetition, we must take i~ of these 6 parts 

at each step, or 11 parts. Hence, — , or i-, is the number of sbilliDgs 

14 1 
in the price. 

APPENDIX V. 



When the student comes to use logarithms, he will find what follows 
ver.v useful In the mean while, I give it merely as furnishing a rapid 
rule fbr finding the place of a decimal point in the quotient before the 
division is commenced. 

When a bar is written over a number, thus, 7, let the number be 
called negative, and let it be thus used ; Let it he augmented by addi- 
tions of its own species, and diminiabed by subtractions; thus, 7 and 
I give 9, end let 7 irith z subtracted give j. But let the additim of a 
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Btunboi wilbont the bat diminith the n^[ative number, and the mt- 
traetion incrtaae it. Thiu, 7 and 4 are 3, 7 and tz make 5, 7 with S 
■abtmcted is 15. In faclg conaidei i, 2, j, &c, aa if the; were guns, 
■nd I, 1, 3, as if the; irere losses : let the addition of a gain or the le- 
moTal of a loss be equivalent things, and also the removal of a gain and 
the addition of a loss. Thus, vhen we taj that 4 diminished by 1 1 pves 
7, we SB]' that a loss of 4 incurred at the moment when a loss of 1 1 it 
removed, is, on the whole, equivalent to a gain of 7 ; and Saying that 4 
diminisbedby a is 6, we say that a loss of 4, accompanied by the removal 
of a gain of 2, is altogetbei a Ion of 6. 

By the oharaBlerialia of a number underalaad as follows : When 
there are places before the decimal point. It is one less than the number 
of such places. Tbus,3'ii4, i'oo83, 8 (which is S'oo...} 9'999, all have 
o for their characteristics. But I7'3i, 4S. 93'ii6, all have i; iz6'o] 
and 116 have x; ii937iG4'titilS has 7, But when there are no places 
before the decimal point, look at the first decimal place wbich ia Big- 
nJEcant, and make the chaiacteristic negative accordingly. Thus, 'fiii, 
'III, '9004, in all of which significauce begins in the first decimal place, 
have the characteristic i; but 'oiS and '099 have i; '00017 has 4; 



To find the chaiactanstio of a qaotient, lubttact the characteristic 
of the divisor from that of the dividend, carrying one before subtraction 
if the Rnt Bignificant figures of the divisor are greater than those of the 
dividend. For instance, in dividing i46'o8 by '00179. ^he cbaiacter- 
istics are i and 3 ; and 7, with 3 removed would be j. But on looking^ 
we see that the Ent significant ligures of the divisor, 17, taken by tbem- 
■elves, and without reference to their local value, mean a larger number 
than 14, the first two figures of the dividend. Consequently, to 3 we 
carry i before subtracting, and it then becomes 1, which, taken from 1, 
gives 4. And this 4 is the characteristic of the quotient. So that the 
qaotient has 5 places before the decimal point. Or, if abud^ be the 
first figures of the quotient, the decimal point must be thus placed, 
ahederf. But if it had been to divide '00179 by 346'oS, no carriage 
would have been required ; and 3 diminished by l ia j ; that is, the firtf 
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BJgdScwt figure of the quotient ia in the jth place. The quotienti then. 

ha« -oooo before any eigiuficant figure. A ftw applicatiora of thii rale 

will make it eas; to do it in the head, and thtu to 

of the Gnt Ggan of the quotient eien before it i> fou: 



Of all the einiplificationi of commereial arithmetic, none a comparable 
to that of eipreMing ahillingB, pence, and fcithing* a« deoimnU of a 
pound. The rulca ore thereby put almost upon aa gooi a footing ■■ if 
the country poneued the advantage of a real dedmnl coinage. 

Any fraction of a pound sterling may be decimalised by rulea which 
can be niade to give the result at onca. 

Two shillings is £-ioo| 

One shilling ia £'050 

Sixpence is jE-ois 

One flirthing ia £'001 04- 

Thm, every pair of shillings is a unit in the flist decim^ place ; an odd 
ahilhng is H 50 in the second and third places; a &rthing is so nearly 
the thousandth part of a pound, that to say one farthing is 'ooi, two la- 
things is '001, &c,, is ao near the truth that it makes no error ia the first 
three decimals till we arrive at uipence, and then 14 ferthinga is euclly 
■015 or 25 thousandlha. But 15 fkrthings ia '036, t6 forthings is '017, 
Ac Hence the rule for thefiril three plaeea is 

One in the firit for ever;/ pairiif ahiUinai ! $0 in the leoimd and third 
for the add shiUinff, if any; and 1 for evsry farthing addiiional, vrith 
I e*lta for sixpenct. 
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. 3-d. ~ £-oi+ 

, 7^- = £-031 

x~d. — ;e-o6o 

. 11^ - je-o<)6 



u. 6d. - £11 
u. ^.~ £-.; 
3.. sjrf. -£■.( 
13», lo^i . £-6; 



In the fourth and fifth places, and thooe irhich fallov, it ii obvious 
that we hare no produce from an^ farthings except these above Bix- 
peace. Fat at every sixpence, '00004- » converted into '001, and this 
has been alreadj accounted ibt, Consequentlj, (o fill up thefourtlt aad 

Take ^fiir every /arl/ung* aboee the latt nxpettee, and an additiomil 

i/oreverf til farlhinya, or three halfpence. 

The remaining places arise altogether from ■ooaoor fbt eietj ferthing 
above the last three halfpence 1 for at every three balfpence complete, 
'ooooD- is converted into 'ooooi, and has been already accounted fbr. 
Coniequentl;, to fill up all Ihtpiaets lifter the fifth. 

Let the nrnnber of farthings above the last three halfpenae be a «u- 
meralor, 6 a denominaUr, and anruv the fyftret ^f the torrMpMidiiV 
decimal fraction. 
It may be eouly remembered that 



The figures of Tare 166666... 
.... 7 — 333333- 



The figures of | are 666666... 
.... I ... 8J333J... 



o». 3^. - -O'lIsS 3333.. 
OS. 7^, - -03119 ifi66.. 



M. «d. — -iisbooooo... 
M. 9^ - •i39]5*l3333... 



' The fCudnjt ihould : 



,„«lc 



u. 1^ — v>6ol4,iti66e... 3>. 1^. — -i6i|45|s333]... 
H, iiit - -osels?; i3». lold. - •69J7916M..- 

The fbUowing examples will >tiew the dm of tlui nUe, if the stadoit 
will alio work them in the common waj. 

To turn poundB, &c^ into brtbingB : Multipt; tbs poonda hj 960, 

oibjr 1000— 40, or b; 1000(1 —\ ; that is, from 1000 times the poundi 

■iibtmct4 per cent ofitseU. Thus, leqaired the nomberof brthingi in 
181663,11.95. 

1663*590615x1000 — t66]590-M5 
4, pet cent of thia, 66543*6x5 

No. of fiiTtbingi reqnired, 159704,7 

What ia 47- per cent of £166. 13 . 10 and '6i4Sof £1971 . 16 , 9F 



66-6764 
4*"673 



•879. 3-67 



19-7184 
n-8g73 
1-3775 



£ig»7 . 



The invene rule for turning the decimal of a pomid into ■JuUingl, 
pence, and btthings, is obTiouil^ aa followB : 

A pair nfthiBingi for may unJl in lh» first place ; a* odd AtlKng 
fitr 50 (ifthtrs ha 50) In the teeond and Ihird plaett; and a farMng 
far every thoutandlh Iqft, ^flvr abating i {f Iht number <if Ihoiuandlht tv 
Itfl exceed 14. 

The direct rule (with three places) givei too little, the inverM mle 
too much, except at the end of a sixpence, when both an accomtft 
Thos, jg'iE3 ii rather leai than 3s, Sd., and 61. ^.^d. ia rather greater than 
iC'319; or when the two do not exactly agree, the eommoa money %» the 
greatest. Bat £'125 and £-35 are exactly u. id. and 71. 



,.,«lc 
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Bequlred the price of 17 cwt. ii lb. I j-o*. at jEj ■ ■> »= per c«. 
true to the hundredth of a &rthing. 

3-590645 

17 

61-040615 

Ih. s6 - i'T953'3 

t6 - 'suHfi 

^ \ •»»44»4 



■ooSois 



Three men. A, B, C, »ererallr inTert £191 . la . ^i, £61 . 14 , 8, 
and £111 . 1 . 9- in an adtentura which yjeldi £511 .■>.&-. How 
ought the proceeds U> be divided among them ? 





A, .9. 


■63119 








B, 61 


73333 








C, .« 


,-08958 


Fn 


idooBofai. 




17J-4S510); 


i..-647og(. 


:-j6»686 








[36 171E8 




i-j6aeg6 


1*361686 




»3 S3S3» 


1-361686 


9a 136191 


33 337'6 




I 00801 


gj98oii> 


,361686 


S.76.1 




^V.l°, 


1 j6i636 


1116417 


,J6»7 




3183 
180 


"71537 


,3617 


9538 




17154 


8176 


409 






1090 



a6i-i34fi 

i6«-3697 
511-6274 



£s.i 



If eiei the fraction of a farthing be vsnUd, remember tbat the 
eairtagt-ittoll is larger tban the decimal of a pound, wbea we nse 
onlf three places. From icx» times tlie decimal take 4 per cent, 
and wo get the exact aumber of fiuthings, and we need only took at 
the decimal then left to set the preceding right. Thus, in 
134-6 iij-i 1697 

5-3! 4-9» "4'79 

11 ^ -91 

we aee that (if we oie fbnr decimals onl;) the pence of the abore retolti 
aie neorl; 8d. -ii of a &ithing, $-d. •!%, anil 4-it '91. 

A. man can pay £1376 . 4 . 4-, his debts being £3193 . 11 , o=. 
Hot much per cent can he paj, and how much in the pound ? 



APPENDIX Vll. 



A Bttiu notice of the principle on which accoonta are kept (whoi 
the; are pnperig kept) may perhaps be useful to studenta who are 
learning book-keeping, as the treatises on that subject frequently gi»e 
too little in the way of explanation. 

Any person who is engaged in buiinets mnat deiiie U> know accu- 
rately, wheneier an investigation of the Mate of his affiiin is made. 
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J, What be had at the commencement of the account, or immediftlelj 
after the last inTCstigation vai made i 2, What he has gained and lo«C 
in the interval in all the aeveral biancbee of hia buaineBB ; 3, What he 
IB now worth. From the fiist two of these things he obvioualj knows 
(he third. In the interval between two investigations, he ma; at anv 
one lime deaire to know how any one acconnt standi. 

An acciHini is a recital of all tiiat bat happened, in ret^rence to an; 
dan of dealingB, unce the last investigation. It can onl; consist of 
leceipta and expenditures, and eo it is said to have two sides, a d^or 
and a oredihr ude. 

All accounts are kept in money. It goods be bought, they are 
estimated by the money paid for them. If a debtor give a bill of 
exchange, being a promise to pay a certain sum at a certain time, it 
is put down as worth that sum of money. All the toots, furniture, 
horses, &c. used in the bnaJDesa are rated at their value in money. 
All the actual coin, bank-notes, &.C., which are in or come in, being 
the only money in the books which really is money, is called caah. 

The accomita are kept as if every different sort of account belonged 
to a separate person, and had an interest of its own, which every 
transaction dther promotes or injures. If the student find that it belpa 
him, he may imagine a clerk to every account ; one to take charge of, 
and regulate, the actual cash ; another for the bills which the house is 
to receive when due; another for those which it is lo pay when due; 
another for the cloth (if the concern deal in cloth); another for the 
•agar (if it deal in sugar) ; one for every person who has an account 
. with the house ; one for the profila and losses ; and so on. 

All these clerks (or accounts) belonging to one merchant, must 
account to him In the end — must either produce all they have taken 
in charge, or relieve themselves by shewing to whom it went. For all 
that they have received, for every responsibility they have undertaken 
lo the eotieem iUtIf, they are bound, or are debton ; fbr everything 
which has passed out of charge, or about which they are relieved th>m 
answering lo Ihe eoiuem, tJiey are unbound, or are eredilort. These 
words must be taken in a very wide sense by any one to whom book- 



keeping ia oW to be a mytierj. Thoa, irheneiei any sccount assumes 
responsibilitj to any parties eui <tf the eoneem, it must be creditor in 
the booka, and debtoi whenever it discharges snj other paities of their 
responsibility. But whenever an account removes responsibility from 
any other account in the same booka i( is debtor, and creditor wheneiM 
it imposes the same. 

To whom are all these parties, or accounts, bound, and from whom 
are they released .' Undoubtedly the meichant himself, or, more properly, 
the balanoff-elerk, pxcsently mentioned. But it ia customary to Say 
that the accounta are debtors lo each other, and creditors bg each others 
Thus, cash debtor lo bills recdvable, means that the cash account (or 
the clerk who keeps if) is bound lo answer for a sum which was paid 
on a bill of exchange due lo the house. At AiU length it would be : 
"Mr. C (who keeps the cash-box) has received, and is answerable for, 
this sum which has been paid in by Mr. A, when he paid hie bill of 
exchange." On the other hand, the corresponding entry in the ac- 
uDunt of hills receivable runs — bills receivable, creditor by cash. At full 
length -. " Mr. B (who keeps the bitia receivable) is freed from all 
responsibility for Mr. A's bill, which he once held, by handing over to 
Mr. C, the cash-clerk, the money with which Mr. A took it up." Bills re- 
ceivable creditor by cash is intelligible, but cash debtor to bills receivable 
is a misnomer. The cash account is debtor to the meriAant iy the sum 
received fbr the bill, and it should be cash debtor bg bill leceirable. 
The fiction of debts, not one of which is ever paid to the party to 
whom it is said to be owing, though of do consequence in practice, ia 
a atumbling-block to the learner; but he muat keep the phraae, and 
remember its true meaning. 

The account which is made debtor, or bound, is said to be dtbited; 
that which ia made credilor, m releaaed, is said to be credited. All 
who receive muat be debited ; all who give must be credited. 

No cancel is ever made. If cash received be afterwards repaid, the 
sum paid is not struck off the receipts (or debtor-side of the cash 
account), but a discbatge, or credit, is written on the expenditure (or 
credit) side. 
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The boob in irhich the accounts are kept is called a ledger. It 
has double coIudidb, or else the debtor side is on one page, and the 
creditor side on the opposite, of each account. The debto>aide is 
alvays the left. Other books are used, but thej are only to help in 
keeping the ledger correct. Thoa there may he a wasle-iook, in which 
all transactions ore entered oa they occur, in common language ; a 
jaumat, in which the transactions described in the waste-book are 
eatered at staled periods, in the language of the ledger. The items 
entered in the journal have references to the pages of (he ledger to 
which they are carriedi and the items in the ledger have also references 
to the pages of the journal &otd which tney come; and by this mode 
of reference it is easy to make a great deal of abbreviation in the ledger. 
Thus, when it happens, in making np the journal to a certain date^ 
that several different sunis were paid or received ab or near the same 
time, the totals may be entered in the ledger, and the cash account 
may be made debtor to, or creditor by, sundry accoants, or sundries ; 
the sundry accounts being severally credited or debited for their shares 
of the whole. The only book that need be explained is the ledger. 
AW the other books, and the manner in which they are kept, important 
as they may be, have nothing to do with the main principle of the 
method. Let us, then, suppose that all the items are entered at once 
in the ledger as they arise. It has appeared that every item ig entered 
twice. If A pay on account of B, there is an eatiy, "A, creditor by 
B ;" and another, " B, debtor to A." This is what Is called dottle- 
«Rirjr ; and the cocsequence of it is, that the sum of all the debtor 
items In the whole book is equal to the sum of all the creditor items. 
For what is the first set but the second with the items in a different 
order ? If Jt were convenient, one entry of each sum might be made 
a double-entry. The mnltipUcation table is called a table of doable- 
entry, because 41, for instance, though it occurs only once, appeara in 
two different aspects, namely,- as 6 times 7 and as ^ times 6, Suppose, 
for example, tlisl there are five accounts. A, B, C, D, E, and that 
each account has one transaction of its own with every other account; 
and let the debits be in the columna, the credits in the roat, as follows 1 





11 


"9 


3^ 


4 


.' 




6 


■■ 


IS 


9 


4> 




,. 


■ 


14 


li 


i6 




s 


'S 


4 


6o 


■ 





A, Creditor 

B, Creditor 

C, Creditor 

D, Cieditot 

E, Creditor 



Here the i6 ig Buppoeed to appear In D'b account as D credito* 
hj C, and in Ct account a» C debtor to D. And to eaj that the buid 
of debtor ilenu is the same a» thot of creditor iteme, a merely to t^f 
that the preceding numbers give the same sum, whether the lowa or 
the calumQB be fint added up. 

Jf it be deaired to close the ledger when it stands as above, the fol- 
lowing is the wb; tlie accounla will stand : the lines in italics will pre- 
sently be explained. - 



A, Debtor. 1 A, 


Creditor. 


B. Debtor. 


B, Creditor. 


To B . . 17 By B 


. . »3 


To A . . ij 


By A . . 17 


To C . . 9 1 By C 


. . >9 


ToC . . 4' 


ByC . . 6 


ToD , . 14 ByD 


. . 3» 


ToD . . 18 


ByD . 11 


Toe . . li ByE 


. ■ 4 


ToE . . + 


ByE . . zs 


To Balance aj 1 






BuBaiance 37 


7S| 


78 


gf. 


06 



., Google 
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C. Debtor. 


C, Creditor. 


D, Debtor. 


D, Creditor. 


To A . . 19 


ByA . . 9 


To A . . 31 


ByA . . .4 


ToB . . 6 


ByB . . 4t 


ToB . . 11 


BvB . . xS 


ToD . . 16 


Bj-D . . .0 


ToC . . .0 


ByC . . 16 


ToE . . 60 


ByE .V z 


ToE . . 1 


ByE . . 3 




By Baiaaae 39 


To Baiattce 7 




^: ^i 


61 


6l 



E, Debtor. 
ToA . . . 
ToB . . 1: 
ToC . . ; 
ToD . . : 
To Balance 4) 



E, Creditfli 
ByA . . J 
ByB . . 
ByC . . f 
ByD , . 



Balance, Debtor. 
ToB . . 37 
ToO . . 39 



Balance, Cred. 
BgA . . i-i 



In all tbe part of the above which ig printed in Roman letters we 
gee nothing but tbe preceding table repeated. But vhen all the accounti 
hare been completed, and no more entiiee are left to be made, there 
remains the last process, which is tenned balancing the ledger. To get 
an idea of this, suppose a new clerk, who goes round all the acconnts, 
collecting debts and credits, and taking them all upon himseli*, that he 
alOne may be entitled to claioi the debts and to be responsible for the 
assets of the concern. To this new clerk, whom I will call the babmee- 
elerk, every occoDnt gives up what it bos, whether the some be debt or 
credit. Tbe cash-clerk giTea up all the cash ; the clerks of the two 
kinds of bills give up all their documents, whether bills receivable or 
entries of bills payable (remember that any entry against which there 
is money set down in the books counts as money when given up, that is, 
as money due or money owing] ; the clerks of ^e several accounts of 
goods give up all their unsold remainders at coat prices ; the clerks of 
the several personal accounts ^ve up vouchers for the sums owing to or 
from the several parties; and so on. But where more bos been paid 
out than received, the balance-clerk adjusts these accounts by giving 
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IngUod of receiving; in Ikct, he 90 acU as to make the debtor and 
creditor Bides of the accounts he viaita equal in Hmount. For instance, 
the A Hccomit is indebted to the concern 55, while paTmenta or dift- 
chaiges to the amount of 78 have been made by it. The balance-clerk 
accordingly hands over i} to that account, for vhich it becomea debtor, 
vhile the balance entera itself aa creditor to the aame amount. But 
in the B account there is 96 of receipt, and onlj 59 of payment or 
discharge. The balance-clerk then receives 37 from this account, which 
is therefore credited by b^anoe, while the balance acknowledges as much 
of debt. The balance account must, of course, exactly balance itself, 
if the Bccoanta be all right; for of all the equal and opposite entries 
of which the ledger consists, so far as they do not balance one another, 
one goes into ona aide of the balance account, and the other into the 
other. Thus the balance account becomes a test of the accuracy of 
one part of the work : if its two udes do not give the same sums, either 
there have been entries which have not had their corresponding balan- 
cing entries correctly made, or else there has been error in the additions. 
But since the balance account must thus always give the lame torn 
on both sides, and since balance deiior implies what is fovourable to 
the concern, and balanct ereditor vhaX is unfavourable, does it not 
appear as if this system could only be applied to cases in which then 
is neither lose nor gain ? This brings us to the two accounts in which 
are entered all that the concern began aith, and all that it gaint or 
loaei — the »loek aceoant, and Che profit-and-loa account. In order to 
make all that there was 10 begin with a matter of double entry, the open-, 
ing of the ledger supposes the merchant himself to put his several clerks 
in charge of their several departments. In the stock account, tfoat, which 
here stands for the owner of the books, is made creditor by all the pro- 
perty, and debtor by all the liabilities ; while the several accoimts are 
made debtors for all they lake troni the stock, and creditors by all the 
responsibilities they undertake. Suppose, for instance, there are £y'° 
in cash at the commencement of the ledger. There will then appear 
that the merchant has handed over to the cash-box ^500, and in the 
stock , account will appear, "Stock creditor by cash, £y>af' while in 



ON BOOK'KBBPING. 187 

the inah account will appear, " Cash debtoc to atock, jCjoo.** Snppou 
Oiat at th« befpnning tiiere ia a debt outatanding of £^0 to Smith and 
Co., then there Till appeal in the slock account, " Stock debtoi to 
Smith and Co. £50" and in Smith and Co.'s account will appeal 
" Smith and Co. crediton bj stock, £50." Thus there ia double entry 
For all that the concern begins with bj this contrivance of the stock 

The account to which ererything is placed for which an actual 
equitalent is not aeen in the books is the projU-and-Iotg account. This 
profit-and-loss account, or (he clerk who keeps it, is made tinswerable 
for eTer7 loss, and the supposed cause of ererj gain. This account, 
then, becomes debtoi for every loss, and creditor by CTer; gain. If 
goods be damaged to the amount of £xo by accident, and a loss to 
that amount occur in their sale, lay they cost £So and sell for £60 
cash, it is clear that there is an entry " Cash debtor to goods £60," 
and "Qoods creditor by cash ;fGo." Now, there is an entry of £Ea 
■omewhete to the debit of the goods for cash laid out, or bills given, for 
the whole of the goods. It would effect the accuracy of the accounts 
to lake no notice of this j fbr when the balance-clerk comes to odjuM 
this account, be would End he receives £to less ihan be might have 
reckoned upon, without any explanation of the reason ; and there 
would be a failure of the principle of double- entry. Since it is 
convenient that the balance-account of the goods should merely re- 
present the stock in hand at the close, the account of goods there- 
fore lays the responsibility of £zo upon the profit-and-Ioss account, 
or there is the entry " Goods creditor by profit-and-loss, £7.0" and 
aim " Prolit-and-loss debtor to goods, £10," Again, in all pay^ 
ments which are not to bring in a specific return, such as house and 
trade expenses, wages, &c these several accounts are supposed to ad- 
just matters with the prodtrand-loea account before the bolmioe bqpnt. 
Thus, suppose the outgoings from the mere premises occapied exceed 
anything those premises yield by £100, or the debits of the house 
account exceed its credits by ;fioo, the account should be balanced 
by transferring the responsibility to the profit-and-loss account, under 



Ale entri«i " House eipen»« creditor by proBt-and-lom, jSioo," " Profit- 
«nd-losa debtor to house expeiues, f zoo." In this way the profit-uid- 
tou account steps in from time to time before the balance accnant 
ts opei^tlocB, in order that that same balance account may 
it of nolMag but the neceaiary maltera nf aeeotiat far the next year't 



This Irar^ferenee €if aeeounis, ot transAiuon of one account into 
another, requires attentive CDnsideration. The receiving account be- 
comes creditor lor the credits, and debtor for the debits, of the trans- 
tnitling account. The rule, therefore, is ; Malie the ttanemitting account 
balance itself and, on whichever side it is necessary to entor a balandng 
sum, make the account debtor or creditor, as the case may be, to the 
receiving account, and the latter creditor or debtor to the ibrmer. Thus, 
suppose account A is to be tmnsfbrred to account B, and the latter is 
to aiiange vith the balance-accouut. If the tvo stand as in Roman 
letters, the processes in Italic letters will occur before the final close. 



A, Debtor. 
To sundries £ 10 



A, Creditor. 

By sundries £500 1 



B, Debtor. 



B, Creditor. 
By sundries £400 



And the entry in the ba'.ar 
shewing that, on these two 



ount will be, " Creditor by B, iaoo," 
its, the credits exceed the debits bj 



Still, before the balance account is made up, it is desirable that the 
profit-end-losB account should be transferred to the stock account ; for 
the profit and loss of this year is of no moment as a part of next year's 
ledger, except in so )ar as it alfects the stock at the commencement of 
the lattor. Let this be done, and the balance account may then be 
made in the form required. 

The stock account and the proG (-and- loss account, the latter being 

the only direct channel of alteration for the former, differ in a peculiar 

manner* from the other preliminary accounts, and the balance account 

■ The treallin on Iwcik-keepiiiE bsve deicijlwd Uiii diSbrence In as peculiar s 



is a species of umpire. They represent the merchant : thett lutetMtt 
are bis interests; he is solvent upon the excess of their ocedita over 
their debits, insolveat upon the excess of their debits over their credits. 
It is exactly the reverse in all the other accounts. If a malicious person 
were to get at the ledger, and put on a cipher to the pounds in various 
items, with a view of making the concern appear worse than it really 
is, he would moke his alterations on the debtor sides of the stock and 
proEt'Sad-loes accounts, and on the <rredUor sides of all the others. 
Accordingly, in the balance account, the net stock, alter the incor- 
poration of the profit-and-loss account, appears on the credUor side 
(if not, it Bhould be called amount </ inaolveitcy, not ttaX), and the 
debts of the concern appear on the same wde. But on the debit side 
of the balance account appear all the assets of the concern (for which 
the balance-clerk is debtor to the clerks from whom he baa taken them). 
The young student must endeavour to get the enlaced view of the 
words debtor and creditor which is requisite, and must then learn by 
practice (for nothing else will ^ve it) fiicility in allot^ng the actual 
entries in the waste-book to the proper sides of the proper accounts. 
I do net here pretend to give more than such a view of the subject as 
may assist him in studying a treatise on book-keeping, which he will 
probably find to contain little more than examples. 

manner. IhEf call theie sccannti the fictiticna occdbmU. Kow tbcy iBpnaant tlis 
mereluat hfanielf ; tbdr crnUla an gain ta the buslneu, their dibits louEi or Uabi- 
litiei. JfthstermiiealanilflctltlouiileUbenudBtillilhtyBie therufKCouoI*, 
and aU Uu otherg w u JlcMuia as tbe eleiki wLom n ixn •nppowd te keep 



..Cooglt 



APPENDIX VIIL 

r ritACIIDNS TO OfBEBS OP HOIRLT SHVLL TALUS. 

Thebb ii a nieful method of finding fhlctions which shiill be nearly 
equal to a giien finction, and with irhich the cooiputer oi^ht to bs 
acquainted. Proceed aa in the rule for finding the greatest commoa 
meaaure of the numemtor and denominator, and bring all the quotients 
into a Una. Then write down, 

1 id Quot. 

ist Q,uoL 1st Quot. <iidauat.+i 

Then take the third quotient, multiply the n imerator and denominator 
of the second by it, anil add to the products the preceding numerator 
and denomioator. Form a third faction with the results for a nume- 
rator and denominator. Then take the fourth querent, and proceed 
with the third and second fractions in ths same wa;; and so on till 
the quotients are eihausted. For example, let the fraction be — . 

9i;i)[]ii3(i, z This is the process ibr finding the 

,;, ^c86(i IS greatest common mesfure of 9131 and 

'°K ^ (''« 1311S in its most compact form, and 

3 I the quotients and frac^ons are : 

1 » 3 I I IS I X I 8 

1 1 _7_ _9. i* H? ^ _779. 12*± 9'^' 
( J 10 ij 13 3s8 381 nio 1501 13118 

It win be seen that we baie thns a set of fractions ending with 
the original fraction ilselt and formed by the above rule, as follows : 

lEt Fmetiou = — — - =. - 



id Fraction — ■ 



id ftnot. 
It auot.xidQuol.+ 



, id Num'.xid Quot.+Tst Num'. 1x3+1 

_ . id Nnm'.xith Qaot. + id Numr, 7x1+1 

4th Fnctton = - ;, ^i . :rTr — : rr; — r- ■- 

]d Den*. K4tn Uuot. + id Dtn'. loxi+j 
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and so on. Bat we have done lomething more than merely reawend to 
the origiiuil fraction by means of the quotients. The set of ftactiona, 
-. -, — , -i, Ac sre continually approaching in talue to the original 
fraction, the firat being loo great, the lecoad too small, the third too 
great, and lo on alternately, hut each one being nearer to the given 
fraction than any of those before it. Thus, - ia too great, and - is 
too small ; but - ia not >o much too mall as - is too great. And 
again, — , though loo great, ia not ao much too great as - is too smalL 

Moreover, the difference of an; of the fractiona from the original 
fraction is nerer greater than a fraction having unity for its numerator 
snd the product of the deuominator and the next denominator for its 
denominator. Thus, ~ doea not err by ao much as -, nor - by so much 

aa — . not — - by «o much as , nor — by so much as — , Ac. 

to' lo 130 13 199 

LoGtly, no fraction of a leaa numerator and denominator can come 

HO neat to the given fmclion as any one of the fractions in the list 
Thue, no fraction with a less numemtor than 341), and a leea denominator 

Tbe reader may take any example for himself, and the teat of the 
accuracy of the process is the ultimate return lo the fraction begun 
with. Another teat ia u follows : The numemtor of the difference of 
any two consecutive approximating fraclions Ought to be unity. Thus, 
-|, which, with a common denominator. 

As another example, let ua examine Ihia quettion; The length of 
the year ia 36^24234 days, which Is called in common lifb 365- days. 
Take the fraction — — , and proceed as in the rule. 



Hjid 22L. is -24224 in its lowest tenns. Hence, it appears that the 
excess of the year OTcr 365 days ameants to about i day in 4 years. 
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which ia not irrong hy so much u i daj in Ii6 yews ; more accurately, 
u> 7 days in 29 feaxs, which la not vrong by bo much ai i d&y in 957 
teara ; more Rccurately Mill, to i days in 33 yean, which ia not wrong 
by so macb aa i day in 5313 years; and to on. 

This method may be applied to finding fraetiom Dearly equal to 
the equsre roota of inti^en, in the tbllowing manner: 



^-43 - 6+..., 



Set down the namber whoae 
I J 4, &c aquare root is wanted, aj 43. 
7^3. *c- - This square root ia 6 and a ftao- 



6| 1 1 3 I 5 I 3 I 1 I 2I I I 3, &c. tion. Set down the int^;er 6 in 
the fint and third row, and i in the lecond row alwaja. Form the 
BucceasiTe rows each from the one before, in the folloving manner : 

One row The neit row has b', a", 0', fonned in this order, 

being thus, 

a o" = excess of 4 V, already formed, over a. 

b 6' — quotient of 43— o' divided by 4. 

c' " integer in the quotient of fi*o divided by 6', 

Thus the aecond row ia formed fiiim the first, as under : 

6|i — excess of 7x1 (both just found) over 6. 
' 7 " 43—6x6 divided by i. 
61 1 = inleger of 6+6 divided by 7 (just found). 
The third row is tbimed from the aecond, thus : 

76 = 43—1111 divided hy 7. 

I T -^ integeiof 6+1 dirided by 6; 
and 10 on. In proceaa of tjme the aecond column, 1, 7, 1, occurs 
ugain, after which the aeveral columns are repeated in the same order. 
Aa a final procesa, take the aet in the lowest line (excluding the firat, 6\ 
namely, i, i, 3, i, 5, i, 3, &c. and use them by the rule given at the 
begiiming of this article, aa follows : 

I > 3 > S > 3 I l.&c- 

I I 4 S 19 34 131 16s 196 



,„„lc 
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'*y'' 



liy it, we shall find 6 



the equare root of 43, not erring bf bo in 



the square of which i« 



196.531 

If »a a, .., „. .„„ „ „ „. 

3767481 7 *9* 196 

S7616 •'"" 87616' 

This rule is of use when it is frequently wanted to use one aquare 

root, and therefbre desirable to ascertain whether anj easy approiimatioB 

onunon fraction. For example, ^/i is often used. 

Here it appears that ]~ does Dot 

- — ■ — is, considering the ease of the 
70 
1 operation, a &ir approximation. In 

70 tact, — ii 1-4141857... the truth being 



exists bj a 



The following ia ai 
V19 = 4+... 
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Pbof. 1. If a fraction be reduced to its lowest terms, w> called,* 
is, if neilhei numerator nor denominator be divisible b; anj ii 
greater than unity, then no fW^on of a smaller n 



Let - be B ftaelion in which a and i ha«e no commoi 
greater than unit; : and, if porabte, let - be a fraction of the ea 
e being less than a, and d less than i. Now, nnce - = -, we hi 
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let m be the integer quotient of thew lain fractions (which n 
■iace a>e,6>ii), and let e and / be tbe lemaiadere. Then 



Hence, - and — must be equal, for if not, -■ — ffoulJ lie between 
f md md^f 

—r and J, instead of being equal to the fbrmBt. Hence, T " ■>• 
■n that if a fraction whose numerator and denominator have no com- 
mon measure greater than unitj, be equal to a fraction of lower 
numerator and denominator, it is equal to another in which the nume- 
rator and denominator are still lower. If we proceed with - ■ = - in a 
similar manner, we find ^ — | where y<e, ft</, and bo on. Now, if 
there be any process which perpetnaJly diminishes the terms of a frac- 
tion bj one or more units at every step, it must at last bring either the 
numerator or denominator, or both, to o. Let - — — be one of the 
steps, and let a = to+*, * = iic+y ; so that — — . Now, if x = o 

but not y, this is absurd, for it gives ~ = jr ■ * similar absurdity 

foUowsifybeo, but not j; and if both i and ff be = o,then o — fto. ft — 
km, or a and b have a common measure, ft. Now It must be greater 
than I, for v and Kr are less than o and rf, which by hypothesis are less 
thau a and b. Consequently a and h haie a common measure ft greater 
than I, which by hypothesis they have not. If, then, a and b be in- 
tegers not divisible by any integer greater than i, the fraction - is really 
in its lowest terms. Also a and b are said to be prime to ant tmother- 

Peu)p.2. If the product ab be divisible by c, and if c be prime to 6, 
it must difide a. Let — = rf, then - = -. Now - is in its lowest terms ; 
therefore, by the last propoutiou, d and a must have a common mea- 
sure. Let the greatest common measure be ft, and ]et a-^k!,d = km. 
Then - = -^ = y, and y Is also in its lowest terms; but so is -; 
therefore we must have m = 6, I = e, (Or otherwise a ftaction in its 
lowest terms would be equal to another of lower terms. Therefore 
If fte, or a is divisible by c. And from (his it follows, that if a nutn- 
■vr be prime to two Others, it is prime to their product. Let a be prime 
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to b and a, then no mouure of a can meniure eitber b ta e, and no 
such meaioie can measure the product bt ) for snj meaauie of be which 
U prime to one mart measure the other. 

Fbof. 3. If a be prime to A, it is prime to all the poven of A. 
Eveiy mcasnie* of a U prime to b, and therefore doce Dot divide b. 
Hence, by the last, no meaaure of a djvidea b' ; hence, a a prime tn 
A', and >a is erery meaaure of it; therefore, no meaaure of a divides ii'. 
consequently a is prime to *', and so on. 

Hence, if a be prime to A, a cannot diride without remainder any 
poirer of b. Thia ia the reason why no fraction can be made into a 
decimal unless its denominator be measured by no primef numbers ex- 
cept 1 and J. For if 7 — — -, which last is the general form of a deci> 
mal fiaction, let - beiniCa lowest terma ; then —7— 19 en integer, whence 
(Prop. 2) b must divide 10*, and so must alt the divisors of £. I^ then, 
among the divisors of b there be any prime numbeia except i and 5, 
we have a prime number (which ia of course a number prime to 10) not 
dividing 10, but dividing one of ita powen, which is absurd. 

Prop. 4. If i be prime to a, all the multiples of b, as £, li, . . . up to 
(a— l)i must leave different remainders when dirided by a. For if, n 
being greater th|m n, and both less than a, we have tab and ni giving the 
aame remainder, it follows that mi— »£, or (m— n)j, is divisible by a; 
whence (Prop. 2), a divides m—n, a number leas than itself, which is 

If a number be divided into ita prime fWon, or reduced to B pro- 
duct of prime numbeis only (aa in 36a = zxtxixytyx^), and if a, i, 0, 
&c. be the prime factors, and a, ^ 7, &c. the number of times they seve- 
rally enter, so that the number is a'xf-^xo^x&c.. then this can be done 
in only one way : For any prime number c, not included in the above 
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list, is prime too, and tbatefore to a', to i and tberefbce lo 6^, and there- 
fore to a^xl^. Proceeding in this way, we proTe that v it prime to tlie 
completa product above, oi to the given numbei itaelf. 

The number of divisora which the preceding number a'tfe'.... can 
have, ^ and itself included, is (a+i)(^i-i)(7+i).... For a" has the 
divisors i, a,a*...a* and no othen, a+i in alL Similail;, Ir has ^i 
diiiwra, and so od. Now as all the dinsors are made b; multiplying 
togethoF one oat of each set, their number (page 202) is (a+i)(fi-l-i) 

(t+0.... 

If a number, », be divisible by oertun prime numbers, say 3, j, 7, 11, 
then the third part of all the numbera up to n is divisible by 3, the fifth 
part by 5, and so on. Bat more than this: when the multiples of 3 
are omitted, euictly the fifth part of Ohm abich rmwin are divisible 
b; 51 for the fifth port of the nhole are divisible by j, and the fifth 
part of those which are removed are dlrtslble by 5, therefore the lifth 
part of those which are left are divisible by j. Again, because the 
seventh part of the whole are divisible by 7, and the seventh part of 
those which are divisible by 3, or by 5, or by 15, it follows that when 
all those which are multiples of 3 or 5, or both, are removed, the seventh 
part of those which remain are divisible by 7 ; and so on. Hence, the 
number of numbers not exceeding n, which are not divisible by 3, 5, 7, 
or II, is — of - of- of - of ft. Proceeding in this war. we find that the 
number of numbers which are prime to n, that is, which are not divimble 
by any one of its prime factors, a,b,e,...a 

•^ -^ ^ - .—■(»->.•-"... (.-.Xi-.K.^.)..„ 

Thus, 360 being x'3'5, its number of divisors is 4x3111, or 14, and there 
are 1*3.1.3.4 or g6 uumben less than 360 nhich are prime to it. 

pRor. 6. If a be prime to b, then the terms of the series, a, a\ a*, ... 
severally divided by b, must all leave different remainders, until 1 
occurs OS a remainder, after which the cycle of remainders will be again 
repeated. 

Let a+b give the remainder r (not unity) ; then a'+i gives the same 
remainder as ra+b, which (Prop. 4) cannot be r: let it be t. Then 
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a'*-ht giveg the game remainder as ia+6, which (Prop. 4) cumat be 
either r or i, unleaa « be i : let it be /. Then a*-hb give* the nune 
remaiiideT at ta*b ; if 1 be not i, thig caanot be either r, «, or f : let 
it be u. So we go on getting different remainilera, untiJ i ac«un ai 
a remainder ; after which, at the next step, the remainder of s+i ii 
repeated. Now, i muat come at last; for division bf b cannot give 
any remainders but o, i, i, .... *— i ; and o never arrive* (Prop, 3), 
*o that aa Aooa b* b—^ di^erent remainder* iiave oecurred, no on6 of 
which ia unitj, the neit, which must be ilifferent from &11 Ibat precede, 
must be I. If not before, tben at a''' we must have a remainder i ) 
after which the cjcle will obviouiljr be repealed. 

Thus, 7, 7', 7", 7*, &C. will, when divided hj j, be found to give 
the remainder* z, 4, 3, i, &c 

Prop. 6. The 'difference of two mth power* i* always diiiaible with- 
out remninder by the difference of the root* ; at a"— i" is divisible bj 

a»-4- - a-^o-^'i+^j— 'i-4- - a— ■(o-J)+4(a"-'-i— ') 
Prom which, if a"-"— S"-' is divisible by a—b, so i* o"— ft". But a—b 
is divisible by a-b ; ao therefore is a*— ft' ; so therefore i* ii°~i' 1 and 

Therefbre, if a and ft, divided by e, leave the same remainder, a' 
and £*, a* and ft*, &c. aeveially divided by e, leave the same remainderai 
tbr thia means that a— ft is divisible by e. t!ut a"— £" i» divisible by 
a—b, and therefore by every measure of a— ft, or by c ; but a"— j" cannot 
be diviHible by c, unle** a" and ft", severally divided by c, give the 
sametemainder. 

Prop. 7. If ft be a prime number, and a be not divisible by b, then 
a* and (a— i)*-t-i leave the same remunder when divided by ft. This 
propoeition cannot be proved here, a* it requires a little more of algebra 
than the reader of this work possesses.* 

Pkop. 8. In the last case, a*"' divided by ft leaves a remainder i. 

• Ezpand (a— I )< b; Uu blnomlil th«nm ; sben llmt mhm i it a ^iriini nimtir 
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From the last, a*— a leavea the same remsinder aa (a— 1/+1— a or 
(u— ij'— (o-i) ; that is, the lemaindei of a'-a ie DOt altered il a be 
reduced by a unit Bj the Bdme rule, it may be reduced another onit, 
and BO oa, still without an; alteration of the remaiDder. At last it 
becomes i'— i, or o, the remainder of which i» o. Accordingly, o*— a, 
which is 0(0'-'— i), is divisible by b; and since b is prime to a, it 
must {Prop. 2) divide o*-"— i : that is, o^', divided by ft, leaves a 
remainder i, if i be a. prime number and a be not divisible by 6. 

From the above it appears (Prop. B and 7), that if a be prime to 
i, the set i, a, a\ 1^, &c. successively divided by i, give a set of 
remainders beginning with i, and in which i occurs again at a*~', if 
not before, and at a'~' certainly (whether before or not), if ft be > 
prime number. From the point at which 1 occun, the cycle of ra- 
mainders recommencee, and i is always the beginning of a cycle. If, 
then, a" be the first power which gives i for remainder, m must either 
be ft — I, or a measure of it, lohm b t« a primB number. 

But if we divide the terms of the series m, taa, ma*, mif, &c by 
ft, m being less than i, we have cycles of remainders beginning with ■». 
If I, r, : I, &c. be the first set of remainders, then the second set is 
the set of remainders arising ttota m, mr, mi, ml, &c If i never 
occur in the fiist set before <i*~' (except at the beginning), then all 
the numbers under ft— 1 incluBive are found among the set r, r, j, (, 
&c.; and ifm be prime to ft (Prop. 4), all the same numbers axe found. 
In B different order, among the remainders oftn, tnr, &c. But should 
it happen that the set i, r,>, (, &c. is not complete, then m, tnr, bu, 
&c. may give a different set of remainders. 

All these last theorems are constantly verified in the pioceu fbr 
reduring a fiaction to a decimal fraction. Ifm be prime to 6, or the 
fraction 'J- in its lowest terms, the process involves the succeaiive 
division of m, mxio, ni<iic'. &c. by S. This process can never come 
to an end unless some power of 10, iay lo", is divisible by ft i which 
cannot be, if ft contain any prime factors except 2 and 5. In every 
other case the quotient repeats itself, the repeating put sometimes 
commencing from the first figure, sometimes from a later figure. Thufc 



- jields ■141857141857, &«., but — giTfi* ■07(14185 7 5(141857), Sit., 
and — give* ^j{S7M-i8)(S7i4iS), &c. 

In — , the quotimt always repeats from the verj beginning vheneret 
i is a prime number and <n la less than b ; and the number of Gguiea 
in the repeating part is then alwajg b—i, or a measure of it. That it 
mnrt he bo, appears from the above propositions. 

Before proceeding &rther, we write down the repeating port of a 
quotient, with the remaindera which are left after tJie several figures 

are formed. Let the fcaotion be — , we have 
17 
OioSiiS,.8,i,3,;.i,,9,4,r,i,,7,,6,4,i7. 
This may be read thus; 10 by 17, quotient o, remainder 10; lo* by 
17, quotient 05, remainder ij; lo* by 17, quotient 058, remainder 14; 
and so on. It thus appean that 10" by 17 leaves a remainder i. which 
is according to the theorem. 

If ve multiply 0588, Ac. by ary numiM' tauUr 17, the same cycle 
is obtained with a different beginning. Thus, if we multiply by 13, wa 
have 7 64705 8 Si J 51941 I 

beginning with what comes after remainder 13 in the first number. If 
*e multiply by 7, we have 4117, 4c. The reason is obvious: — xij, 
or — , when turned into a decimal fraction, starts with the divisor 130, 
and we proceed Just as we do in forming — , when within four figures of 
the close of the cycle. 

It will also be seen, that in the lost half of the cycle the quotient Ggorea 
are complements to 9 of those in the first halt, and that the remainders 
ate complements to 17. Thus, in OioSn^i.S., &.C. and 9,4,1, i],, 
&C. we Bee 0+9 = 9, 5+4 — j, 8+1 — 9, &c, and 10+7 = 17, 15+1 «- 17, 
14+3 -r 17, &c. We may shew the necessity of tbis as follows: If 
the lemiunder 1 never occur till we come to use '>'~', then, b being 
prime, 6—1 is even; let Jt be iJc. Accordingly, 0*^—1 is divisible by 
i; but this is the product of o*— i and o*+i, one of which most be 
divisible by i. It cannot be o'^i, for then a power of a preceding the 
(£— i)th would leave remainder 1, which is not the case ia our instance: 
it mast then be a>4i, so that s^ divided by i leaves a remainder b~i t 



and Ute kih step coDcludes tbe Grat balf of the pioceas. Aceotdii^T, 
in our inalance, we lee, b bdng 17 and a being 10, tbat remainder 16 
occun at the Sth step of the process. At the neit step, the remainder 
is that yielded b; io(£— i), or gb+b—io, irhlch gi'es the remainder £—10. 
But the first remainder of all was 10, and io4-(i-io) — b. If ever this 
complemenlal character occur in an; step, it must continue, which we 
shew as follows : Let r be a remainder, and b—r a subsequent remainder, 
the sum being b. At the next step after the first remainder, we divide 
lor b7 i, and, at the next step after the second remainder, ve diiide 
ic^ior bj b. Now, ^ce the sum of tor and loi— lor is divisible 
bv b, the two remainders from these new steps most be such as added 
together will ^ve b, and so on ; and the gaolienta added together must 
(pve 9, for the sum of the remainders lor and loA— lor jietds a quotjent 
10, of which the two remainders give t. 

If — and 7- be taken, the repeating parts will he tbund to contain 
59 61 
5E and &o figures. Of these we write down only the Grat halves, ns 

the reader may supply the teat by the complemental property jtist 
given. 

0i«9+9isas*aj7ig8i 33593110338, &c. 

01639344261195081967113 I 147540, See 

Here, then, are two numbers, the first of which multiplied by any 
nomber under 59, and the second by any number under 61, can have 
the products farmed by carrying certain of the figures from one end to 
the other. 

But, b being still prime, it may happen that remainder i may occur 
before b—i figures are obtained ; in which case, as shewn, the number 
of figures must be a measure of A-i. For example, take — . The 
repeating quotient, written as above, has only ; figures, and ; measures 



ow, this period, it will be fonnd, has its figures merely transposed, if 
; multiply by 10, 18, 16, or 37. But if we multiply by any other 
rniber under 41, we convert Uiis period into the period of another 
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fraction whose denominator i 
may b« found. 



The following are 8 penodi vHch 



°.o4..8..7..S. 



o.o7,,3.' 



.7. 



To find — , look out for m among the remundeiu, and lake the period 
in whioti it a, beginning after the lemainder. Thus, — i» 'S291631916, 
&c, and — is 'iis^Si^S^Sy ^'^ These periods aie complemental, 
foui and four, as 01439 ^"'l 975^> '^73'7 B"^ 926S1, &c. And if 
the first mtmber, 01439, ^^ multiplied bj anj number under 41, look 
foi that number among the reminders, and the product is found in the 
period of that icmainder by beginning after the remainder. Thus, 
02439 multiplied by 13 jpves 56097, and by 6 gives 14634. 



The leader may try in decipbe: 
more figures than the ftiUoiring, we 
The fraction of which the period ia 
87)100(01149415 
130 
430 
810 



- himself how it is that, with no 
extend tbe result of our division, 
e found is -T-. 



31 14941 5«i5 
i8735&i5"S 
718390625x15 
17959765615x15 
448 994 14061 s 



0114941513735615 

718390615 

(795976 5615 

448994 

Di 14941518^ J j6ji igj jo8o45977|oi 1494 



APPENDIX X. 



Tbebe are some things connected with eombinatJODS which I place in 
■n appeadji, because I intend to demonatiBte them more briefly than 
the matten in the teit. 

Suppose a number of braes, say 4, in each of which there arn 
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conolen, aay ;, 7, ], and 11 seieiallf. In how many vajs can one 
counter be taken out of each box, the order of going to the boxes not 
being regarded. Antwer, in 5x7x31111 ways. For out of the first box 
Te may drair a countei in j different ways, and to each such drawing 
we may annex a drawing from the aeeond in 7 different ways— givinj; 
5K7 ways of making a drawing from the first two. To each of these 
we may annei a drawing from (he third box in 3 ways — giving S'^T'l 
drawings from the first three ; and so on. The following alatementa may 
now be easily demonatrated, and simile ones made as to other caaea. 

If the Older of going to the boxes make a difference, and if a, h, e, d 
be the numbers of counters in the seTeral boxes, there are 4XIX3XIX 
axfxcxif distinct ways. If we want to draw, say 2 out of the fiist box, 
3 oDt of the second, i out of the third, and 3 out of the fourth, and if 
the order of the boxes be not considered, the number of ways it 

""' .*-'*-' A- ' ^—^ 

If the order of going to the boxes be considered, we must multiply the 
preceding by 413113x1. If the order of the drawings out of the boxes 
makes a difference, but not the order of the boiea, then the number 

B(a-Oi(i-.)(S-JMd-i)(rf-i) 

The nth power of 3, or o", represents the number of ways in which 
a counters differently marked can be distributed in n boxes, order of 
placing them in each box not being considered. Suppose we want to 
distribute 4 differently-marked counters among 7 boxes. The first 
counter ma; go into either box, which gires 7 ways ; the second counter 
may go into either ; and any of the first 7 allotments may be combined 
with any one of the second 7, giring 7x7 distinct ways; the third 
counter varies each of these in 7 different ways, giving 7K7>:7 in all; 
and BO on. But if the connten be nndistingnishable, the problem is a 
very different thing. 

Required the number of ways in which a number can be compounded 
of other numbers, dilfetent orders counting as different ways. Thus, 
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i+j-n and H-i+3 are M be conaidered aa diatinot wayi of making 5. 
It will he obvious, on a little examination, that each namber can be 
composed in exactly tirice as many ways an the preceding number. 
Tale 3 for inatanoe. If every possible way of making 7 be written 
down, E may be made eithra by increasing the last component by a 
unit, or by anneiing a unit at the end. Thus, 1+3+1+1 may yield 
1+3+1+1, or 1+3+1+1+1 : and all the waya of making S will thua be 
obtained ; for any way of making 3, say o+fr+o+rf, must proceed ftom 
the following mode of maling 7, o+i+(!+((f-i). Now, (rf— 1) ia either 
o— that is, (f ia unity and is struck out— or (d— 1) remains, a number 
1 lea than d. Hence it foltowa that the number of waya at making 
n ia j"~'. For there is obrtously i way of making i, 2 of making 
1 i then there must be, by our rule, 1' ways of making 3, 1' ways of 
making 4 ; and so on. 



Thia table exhibits the ways of making i, 1, 3, and 4. Hence it 
fbllowa (which I leave the reader to investigate) that there are twice 
aa many ways of forming o+S as there are of forming a and then 
annexing to it a fonnation of 6 ; four times as many waya of forming 
a+6+0 as there ate of annexing to a formation of a formations of i and 
of ; and so on. Also, in summing numbers which make up o+S, there 
are ways in which a is a rest, and ways in which it is not, and as many of 
one as of the other. 

Required the number of ways in which a number can be compounded 
of odd numbera, different orders counting aa different waya. If a be 
the number of waya in which n can be so made, and b the number of 
ways in which n+i can be made, then a+4 must be the number of 
ways in which n+i can be made; for every way of making 11 out of 
odd numbers is either a way of making 10 with the last numher 
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incieaied by i, or a way of making ii with a i annexed. Thua, 
i+S+3+3 giTM II, foraied ftom i+s+3*i gi'ing '<•• But 1+9+1+1 ia 
formed from i-t9+i giving 11. Coiuequentlj, the numbec' of waya 
of tanning ii is the Bum of the number of ways of forming 10 and of 
forming 11. Nov, i can only be formed in r way, and 1 can only 
be formed ia i way ; honoa 3 can only be formed in i-hi or a waya, 4 
in only 1+2 or 3 waja. If we take the aeries i, i, z, 3, 5, 8, 13, ii, 
34< SSi ^91 &"- io which each number ia tlie aum of the two preceding, 
then the nth number of tbia set is the number of ways (orders counting) 
in which n can be formed of odd numben. Thus, 10 can be formed 
in 55 ways, 11 in 89 ways, &o. 

Shew that the number of wKya in which mk can be made of numben 
di viable by m (orders counting) ia i*~'. 

In the two aeries, i i i a j 4 6 9 13 19 lE, &c. 
o I o I I I 2 1 3 4 S, *<^ 

the Brat has each new term alter the third equal to the aum of the 
last and last but two; the second has each new term ufter the third 
equal to the aum of the last but one and last but two. Shew that 
the nth number in the first ia the number of ways in which n can be 
made up of numbers which, divided by 3, leave a remainder 1 ; and 
that the nth number in the second ia the number of waya in vhich 
n can be made up of nombeis which, divided by 3, leave a remainder 1. 

It ia very easy to shew in how many waya a number con be made 
up of a given number of numbera, if different orders coont aa diS^rent 
ways. Suppoae, for inatance, we would know in how many waya la 
can be thus made of 7 numbers. If we wiile down 11 anits, there 
are 11 intervala between nnit and unit. There is no way of making 
iz out of 7 numbers which does not answer to distributing 6 partition- 
marks in the inlenals, i in each of 6, and collecUng all the unit! 
which are not sepaiated by partition-marks. Thus, 1+1+3+1+1+1+2, 
which is one way of making 11 out of 7 numbers, answers to 
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in tMcIi Uie partition-maikB come in the ist, id, 5th, 7th, Sth, and 
loth of the 1 1 interrati. Conieqnently, to aik in hoir manj wu js 11 
out be made of 7 nuinben, is le uk in how DtBoy wnjg 6 partition- 
majki can be placed in 11 inCeTials; or, how many combinationa or 
selectione can be made of 6 out of 1 1. The answer is. 






„ 4«.. 



Let ua denote b; <n. the number of tnya !n which tn thingi c 
be taken out of n things, so that n>. is the abbreviation for 



Then m, aUo representa the number of wbjb in which m+i nnmben 
can be pat together to make n+i. What we proved above is, that 6^, 
is the noQiber of ways in which we can put together 7 numbers to make 
iz. There will now be no dilHcuIty in proving tbe fallowing : 
»■= i+i.+i,rf3- +^ 

In the preceding question, o did not enter into the list of numbers 
u>ed. Tbns, j-f-i+oto was not considered as one of the ways of putting 
together four nnmben to miike;. But let us now ask, what is the number 
of ways of putting together 7 numbers to make 11, allowing o to be 
in the list of nnmben. There can bo no more (nor fewer) waje of doing 
this than of putting 7 numhers together, among which o is not included, 
to make 19. Take every way of malting ix (o included), and put on 
I to each number, and we get a way of making 19 (o not included). 
Take any way of making 19 (o not included), and strike off i Cram 
each number, and we have one of the ways of making ix (o included). 
Accordingly, 6,, is the number of ways of putting together 7 numbers 
(o being allowed) to make 11. And (bi-i).,— 1 is the numbei of 
ways of putting together m nnmben to make n, o being included. 

This last amounts to the solution of tbe following: In how many 
ways can n connten (nndistznguighuble from each other) be distributed 
into tn boxes? And the following will now be eaailr proved: The 
number of ways of distributing undistinguishable counters into 4 boxei 
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is b — ilttiv-ii it anj boi or bales roAj be left emptf. Bat if there 
must b« I at least in ssch box, the number of ways is (A— i)i_i ; if 
there most be z at leatt in ench box, it ia (6— T)j_t-i ; if there must 
he 3 at least in each bos. it is (b— i )c3_i ; and so on. 

The number of wa;s in vrhicb in odd numbers can b» put together 
to make n, is the same as the number of wajs in which m even numbeis 
(o included) can be put together to make n-m ; and this is the number 
of UTijs in which m number* {odd or even, a included) can be put 
together to make -(i»— oi). Accordingly, the number of ways in which 
M odd numbers can be put together to make n i> the same as the 
number of combinations of m— i things out of -^n— m)-nn— i, or 
^n+m)-!. Unless n and « be both even or both odd, the problem 
is evidently impossible. 

There are curious and uselUI relations existing between numbers of 
combinations, some of which may readily be eihibited, under the simple 
eipreswon of m, to stand fbr the number of ways in which m things 
may be lahen out of n. Suppose we baie to take ; out of ix : Let 
the 12 things be marked A, B, c, &c. and set apart one of them, a. 
Every collection of 5 out of the 11 either does or does not include 1. 
Tbs number of the latter sort must be 5 , , ; the number ol the former 
sort must be 4, ^, since ft is the number of ways in which the other Joht 
can be chosen out of all but i. Consequently, 5,^ must oe 5ii-t'4i,i 
and thus we prove in every case, 

□■ and n. both are I ; for there is but one way of taking none, and 
but one way of taking all. And agun m. and (n— n). are the same 
things. And if m be greater than n, »>. is o f tor there are no ways of 
doing it. We make one of dot preceding resulta more symmetrical if 

»"-o.+ i.+i.+....-M», 
If we now write down the table of symbols in which the n-l' 1 th 
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number of tbe nth Toir Tepreaenls n. the 
Dumber of cambiD&liona of m out of n, ve 
Bee it proved aboTe that the law of fbr- 
matiou of this table is tu fallows ; Each 
niuDber is to be the earn of tbe nonibn 
abore it aod the naniber preceding the number above iL Sor, the 
first row must be i, i, o, a, a, &c and the first eolumn muM te i, l, l. i, 
&c so that ire have a table of the following kind, which Diajr be carried 
as far as we please ; 



o 


I I 3, 


&.C 


°, 


■> *. 3,. 


&c 


o. 


>i >> 3.1 


Kc 


0, 


I. 2* 3, 


ic 


&c 


&c &c. &c 







o 

















Q 







1 
























3 


I 





















6 


4 
















a 




lo 


10 




1 
















"S 


35 


35 


J. 


7 


° 


" 


" 




i8 


56 


70 


S6 


it 


S 


I 







36 


H 


116 


it6 


84 


36 


9 


1 


1 .o 


4S 


no 


no 


151 


7 10 


,20 


45 


w 



Thus, In the row 9, under the column headed 4, we see t±6, which 
i 9X Si 7x6 -((1x1x3x4}, the number of wajs in which 4 can be chosen 
lut of 9, which we represent bj 4,. 

If we add the several rows, we have i+i or i, 1+1+1 or 1', neit 
+ 3+3+1 or i', &C. which verify a theorein already announced; anii the 
iiw of formaUon shews us that the several columns are formed thui: 

II 111 I J 3 ' 



so that the sum in each row mast be double of the sum in tbe precedins. 
But we can carry tbe consequences of this mode of formation further. 
If we make the powers of i+x by actoal algebraical multiplication, we 
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ice ihut tlie process makes the lame oblir|ue addition in t]i« formatioD 

of the numerical multipliers of the powers ot i. 



i-fj= 



*2X-t^ 



Here are the second and third ponets of i+f : the fourth, m- can tell 
heforehand froiD the tahle, most he i+4J+6j=+4j'+j:* ! and ao OH, 
Hence we have 

(itO" = o,-H,r+2^+3.^*+----+'U** 
wliich is nsuall}' vritten with the symbols o„ i,, && at length, thui. 



s called the biBomial 



Ttiia is the simplest case of what in algebra 
theorem. If instead of i+jf we use x+a, we get 

(«ta)" = j"+i.oJ*"'+iiiii'af'"^+3^'jp"~'+....-l-nrfr' 
We cat! make the same table in another form. If ve take a row of 
cipt^eis beginninE vitb unity, and setting down the iirst, add the next, 
and then thn next, and so on, and then repeat the proceBs with one 
etep less, and then again with one step less, we have the foUowiDjt: 



In the oblique columns we see i r, i 
tlie original table, and formed by the sa 



I 3 3 I, &c. the same as in 
dditions. If, before making 



a addilioBi, we hml bIwhtb multiplied hj a, we ihoold hsve got [he 
veral componenti of the powers of t-Hi, ihtu, 



where the oblique columni i-hi, i-i-ni4a\ i-t-ja+ja'+o*. lie, ghe the 
seieral powers of i+a. If inatead of beginning with i, c, o. He. wc 
hod begun with p, o, o, &c. we should have got p, pxta, pi6a', &c 
at the bottom of [he seieial columna ; and if we had written at the 
top f*, t', ^, X, I, we ihould hare had all the materials for forming 
p(.x+ay b; multiplying the terms at the top and bottom of each columa 
together, and adding the tesults. 

Suppose we follow this mode of forming p(»+a)'+9(j+a)=+r(j+a)+i. 



p ip" ? 

p 

Pt'+ ipai'+ 3pa'j4-pa'+9r+2flan-}ff'+r*Tf a+1 

— p]fl*(ipa*q)x'+l^-ipa'-Hqatr)x*pa'*ga-*TaTt 

Now, obserre that all this might be done in one procssx, b; eatering 

g, r, and i under their proper povers of* in the first process, as follows ' 



pa-*g pa-■^qa*T 

ipa+q 
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Thia procesa* ig the one osed in Appendix XI., with the Blight altera- 
tion of varying the aga of the last letter, nnd mokir.g subtractioiu 
instead of additions in the Isit column. As it stands, it is the mo«t 
eonienient mode of vriting rfa instead of 2 in a large class of alge- 
biairal eipressioss. For instance, what does ix'*^+y^+7X+^ become 
when a+s is written instead otxt The expression, made complete, is, 

ir* + la* + oj* + ji' + 7» + 9 
10379 

1 II 55 178 1397 6994. 

1 »i 160 1078 67S7 



', i«*+5i*'+sioa'+i653a*f6787jH-6994, 



APPENDIX XI. 

OH HOBnBR''g HSTHOD Of BOLTIBO UtDATIORS. 

Tbk rule giren in this chapter is inserted on account of jla excellence 
M BD exerdse in computation. The examples chosen will leqoira hut 
Uttle use of algebraical signs, that they may be understood by those who 
know no more of algebra than is contiuned In the present work. 
To solve on equation such as 

2j'+*»-j» = 416793, 
or, as it is osoally written, 

ax'+a*-j»-4i6793 = o, 
we must first ascertain by trial not only the first figure of the root, but 
also the denomination of it : if it be a i, for instance, we must know 
whether it be t, or 10, or zoq, Sc, or ■%, or -oa, or '002, &.e, Thia moat 

■ The princlpla or [his maie of demonitialicm of Homer's methcd wu lUted In 
Todiik's Algebra (1821), being tlig eullot elemenlu; fmA In wliich that melhod 
wugtven. 
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be Rlond hj triitl ; and tbe sharteal way of qiitkinir tlie trial is u follows i 
Write the eipressian in its complete form. In the preceding ea«e the 
form IB not complete, and the complete form is 

2jf ' +0*3+ u'— 3 J— 4 1 679 J. 

To End what this is when > is anj number, for instance, 3000, the best 
way ia to take the tint multiplier (1), multiplj' it bf 3000, and take in 
tbe next multiplier (o), multiplj the result b; 3000, and t&ke in the 
next multiplier (i), and bo on to the end, Hs follows : , 
1x3000+0 = 6000 J 60001130004-1 = 18000001 
18000001x3000-3 - S4.J00001997 
54000001997x3000—416793 ~ 161000008574207 

Now try tbe yalue of the above when * = 30. We have then, fyt tbe 
steps, 60 (2x30+0), 1801, 54017, and lastly, 

i6zoSio— 4i£793, 
or « °> 30 makes the first terms greater than 416793. Now try jr •> is 
which gives 40, Eoi, 16017, B»d lastly, 

310340-416793, 
or « — zo makes the Erst terms less tbaa 416793. Between 20 and 30, 
then, must be a value of^ which makes vt'+x'—jai equal to 416793. 
And this is the preliminary step of the process. 

Having got thus far, write down the coefficients +s, q, -ri, —3, and 
'^i^??!, ^n^ with its proper algebraical ugn, except the lost, in which 
let the sign be changed. This is the most convenient way when the 
last sign is — . But if the last sign be +, it may be more eon venient 
to let it Btond, and change all which come before. Thus, in solving 
a*-ii*+I = O, we might write 

whereas in the inatajice before us, we write 

+1 +1 -3 416793 
Havin([ done this, take the highest figure of the root, properly named, 
which is 2 tens, or 20. Begin with the lirst column, multiplf by 20, 
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■ltd join it to the number in the noit column i mulUplj (bu bj so, 
and join it to tbe noinlier in the next column i and so on. Bat vben jtn 
come to the iaat column, wibtiB«t the product which come* oat of the 
preceding column, or join it to the last column aitei changing ita ago. 
When thli has been done, lepeat the process with tbe numbers wtiicn 
now itand in the colamiu, omitting tbe laat, that is, tlie subtiacDng 
step I then repeat it again, going onlj aa &r as the lut colimm but two, 
and 80 on, until the columni present a set ofrowa of tbe following «p- 
pearance : 



i 



tn the formation of which the following ie tbe key ; 

/=ioo+S, y=io/+(i, h-iog-m, i-t-toh, 
k — I0O+/, I " loktg, n *- ao/t-A, 

We call this Hemer't Pnxen, from the name of its ioyentor. The 
reiutt » as follows : 

I o I -3 416793 (lo 

40 801 16017 9%S3 

So 2401 G4037 



We have now before us the row 

1 160 4801 (14037 9S453 
which fiitnishes our means ofgueaaingat the nert, or nnilj' figure of the 

Call tbe last column the dividend, the lagt but one the divimr, and 
all that come before aaiecedetttt. See how often the dividend contain* 
the diiisor ; this girea (he guera at the next figure. Tbe guess is a true 
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one,* ir, oD appljinft Homer's process, the divisor result, augmented as 
it is by the antecedent processes, stilt go as miui; times in the dividend. 
For example, in the case before us, (16453 contains 640J7 once ; let ■ 
be put on its trial. Horner's process is found to succeed, and we hare 
for the second process, 

i l6o 4801 64037 96453 

161 4963 69000 174s 3 

164 5127 74117 

166 5193 

16S 
As soon as we come to the fractianal portion of the root, the process 
asaumes a inore+ methodical form. 

The equation being ofthe/owA degree, annex /our dpherg to the 
dividend, three to the divisor, lao to the antecedent, and eaa to the 
previous antecedent, leaving the first column a« it ia ; then find the new 
figure bj the dividend and divisor, as before^ and apply Homer's pro- 
cess. Annex ciphers to the results, as before, and proceed in the same 
way. The annexiDg of the ciphers prevents our having any thing to do 
with decimal points, and enables ua to use the quoticnt'figures without 
oaying any attention to their local values. The following exhibits the 
whole process fh>Di the beginning, carried as far as it is here intended 
to go before beginning the contraction, which will give more figures, a* 
in the rule toi the square root The following, then, is the process as 
far as one decimal place : 

* Tanoiu exceptions may srlie vhen an equaliaa hu two nearly eqtisl roots. 
But 1 donot hflrDlnTiodaceal^bTolcaldifflcuttleii and 1 itudftnt mlgbt give himself 
a hundred examplet, taken at baxaid, wiOiout much cbanoe of lighdng upon one 

t Tbia fOrtn might be alia applied 10 the Integer portlcRU; but It Is bardly needed 
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I -J 4'6793(«' 

8oi i6oj7 964!i3 

^> ^4017 — «„ 

*^ 69000 4733977 

4965 74117000 

S"' 75730074 

5^9300 „3^„6 

5343S8 
S3943+ 
544518 



'704 

If ire na» begin ^e oontnction, it is gi>od to know beforehand on 
what number of additional not-iigures we maj reckon. We maj be 
prett/ certain of hating neorlj as miui; ns there are GgureB in the divisor 
when we begin to contract — one less, or at least two leea. Thus, there 
being now eight flgures in the diriior, we ma; conclude that the con- 
traction will pre at at leaat six more figuiea. To begin the contraction, 
let tlie diridend itand, cut off one figure from the diviBOr, two from the 
column before that, three from the one before that, and u> on. Thoa. 

joooa i[704 5445|»8 7734837J6 47339778 

The Ent colnmn ii rendered quite UBel«M here. Conduct the proceaa 
aa before, using only the figure! which are not cut oft But it will be 
better to go u far as the first figure cut off, carrying from the Mcond 
figure cut off. We shall then have as follows : 

,1704 S445h« 7734337!fi ''l'^''^^ 

' S4SS|5 77675706 7JtiM- 

S4657 7B003648 
S475|9 

At the next contraction the columa 1I704 becomes I001704, and is quite 
useless The next step, separately written (which is not, howero', necea- 
sary in working), is 
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7icc36|48 



Here the dividend 7J43S4 ^"^ ""^ contftin the dii 
therefore, write o tu a root Gguic and make another 



7J+]S4{o 

s dirigor 780036, and we. 



a the first column become! |oo547S<li and ia quite 
lueleaa, ao that the remainder of the proceaa is the contracted diiision. 



78oi[34) 31177(41 37 



and the root required is ii'36o94i37. 

I cow write dawn the complete proceu for another 
root of which lies between 3 and 4 : it ia 



-i{ 3-1 1 10J90510730990796 





1700 


M090OO 




I79I ■■ 


■■ 19769000 




188300- 


743369000000 




189131 


17131 1710173CO0 




.90.6300 


991247447681 




19025631 


39461875410 






i39'49'559 




1903514199 9 


58993113 




190355219827 


1886047 




190356069805 


9li "71835 


300 


1903569097 8 5 


6j 15|S 


303 


,90356914451 




306 


'9°35*9'9' ' » 




3090 


.903569193 6 




Ip 


1903569194 9 3 





09 33 3' '7 

The student need not repeat the rowa of Sgorea so far u they come 
under one another : thus, it ia not ueceBsary to repeat 190356. But be 
must use his Own discretion as to bow much it would be safe for Mm 
H> omit. I liare set down the whole process here m a guide. 
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Tbe tblloving examples will Mrie for exerciw: 

I. la"— loor— 7 no m = 7'io5gii33. 

3. *'+«'+**+* — 6000 X — 8"SJ'4377»6. 

3. ^+i^—^r—jo^o X— ] -8 9 56949 16504, 

*. r'+ioQ*'— 5*— 1173 = » = 4'5Ki346oji0584.64, 

5. i'z— i'i599iio4.9K9437 3 1647671 10607178.* 

6. i"-6*- 100 * = 5-071351748731. 

7. *'-n*=+3*= joo X- S95S»S967"i39S- 

8. *"+* = 1000 r — 9-96666679. 

9. £700043^+17000,7 *■ 16999999 ' = 9'9666666 .»,,. 

10, j*-6*= 100 «=s-o7i3;i7487. 

11. «*— 4«'+7«'— 863 = o *=4-5i95507. 

^ 12. «>-io»+a = Q jf = 4' 6 600 J 769 3 0008 7 17!. 
' 13. *'+*'+*-io = x^ '"737370133. 

14. a''— 4&r'— 36*+i8 = * = 467616301847, or » = ■34716131&S. 

15. *'+46i'— 361— 18 = x= 1- 1087915037. 

16. 89911^— i62838j'+74.6i7Uw8iooo = o « = 'iiiiii;]3444.;;5 

IT. 7i9*»-4864:'+99i-6— o *= ■iiii,.., or -iiiL-.^ ot -jsj^.... 

18. i**+3J;'— 4i = 500 *= 5-9348 179613 151 5179, 

19. *'+i*'+a!— 150 = jr = 4-6634o90i4.5S4i983i5374i99izoi7os!l9ii 

20. *"+» = 1^-500 * = 8-1409635581448585x6963. 

21. *'+M°+3j— 10000 = ■ *r= 10-851905516009. 

22. **— 4jr— 1000 = o * = 4-s8i40036i. 

23. lo**— 333)"— ii«— 100 = o * = 4'i46797ao85a4i7S785. 
2*. x'-^x'+x^x= 117694 jr= i8'644Si373095. 

25. loj'+iii'+iii = loDooo * = in 6 55995 554508805. 

26. x^-tx — 13 * = 1-109753301103849, 

27. i'+x»-4r-i6oo = o r- 11-481837157. 
38. *»-ir - 5 

X '^ 10945 5 148 1541 316 59 14813 8 6 540 5 79 3019 6 38 5 7 306105618339. 
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29. »'—Sa»'+i4i*—e*-So3 79639 = f 113,* 

30. *'—t4**'-~63'SJ'+i 577096 ~ o Jf ~ i*J-' 

31. za*— 3*'+6*— g — o Ji-i I "4 141 1 3 5613 7 309 504S 803 ,• 

32. «*— i9«'+i]ij^3ou>+2oo ~ o .r= i'ozSo4, ot4, or 6*5765], or 

7'W«4Jt. 
83. 7*^iu*+&r»*s*"iiS * - i70<4Ko493S579i.t 
3*. 7*'+6»M-s*»t-*^+3j» — n * — 77o76ggi96ii6s8snj79»96s°S-+ 

35. 4.i'+7»*+9«*+6»N-s«*t3* — 79» 
3t^-05iO4ii76!796os365H4O434Diig 110197346017559954554.17142 i+.t 

36. ilg7«*-~i43CurM'94.5«*-i5a«+8-o *--iiii..., or 1111.,.., or 

■33jj....,or-4444.... 



APPENDIX XII. 



The student (hould make hiouelf fhmiliar with the most common terma 
of geometry, after whicli the foUowing rules will preseat no difficulty. 
In them all, it must be undeiBtood, that when we talk of multiplying 
one line by another, we mean the repetition of one line as oiten as 
there are ludla of a given bind, ai ibet 01 inches, in another. In any 
other seme, it is absurd to talk of multiplying a quantity by another 
quantity. All quantiUea of the same kind should be represented in 
numhere of the nme unit; thus, all the lines should be either feet 
and decimals of a foot, or inches and decimal! of an inch, &c And 
in whaterer unit a length is represented, a surface is expressed in the 
corresponding square units, and a solid in the conesponding cubic units. 
This being nnderstood, the rules anply to all sorts of units. 

To find Oig arm vj a rrciangle. Mnliipty together the units in 

• Then tumplei ue tilen fcom ■ pip« en the lubjeei, by Mr. Peter Gnj- i" 
the Mielanlcl' Magaiint. 

f Then oninpleg ue uken tiam the lii« Mr. Fetei HleholHin't Eaujr on Idto- 
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two aidei which meet, or multiply togBthei two side* wtiich meet; tb« 
product ia the nnmber of square unita m the ues. Thtu, if 6 fbet and 
5 feet be the aide*, the area ii £■ j, or jo iqaare feet. Similailj, the 
■reaofaBquareofefeet long is 6x6, 01 ;& square feet (334). 

Tofimdthe area qf a parMeUigram. Multiply one aide by the per- 
pendicular distance between it and the oppoeile aide ; the product is th* 
area raquired in aquare unita. 

To find Iha area of a Irapenun.* Multiply either of the two aidei 
which are not parallel by the porpeadiculai let 6C1 Opon it ftotn the 
middle point of the other. 

To find Ihe area af a triangle. Multiply Bny side by the perpen- 
dicular let bll upon it fimn the oppodte lerteK, and take half the 
product. Or, halve the sum of the three aide*, enhtnct the three ndea 
severally from this half sum, multiply the tbur results together, and find 
the square root of the product. The result is the Dombei of ■qnaw 
units in the area; and twice this, dirided by either side, ia the perpeiH 
dicular distance of that aide trom its opposite lertei. 

Tofindlharaiiiui nfthe internal eirele ahich touchtt the three tide* 
ef a triangle. Divide the area, fbnnd in the last paragraph, by half the 
Bum of the odea. 

Given the Ivioiidetqf a rig?it-angled triangle, to find 04 hspolhenutt. 
Add the squares of the sides, end extract the square root of the sum. 

Given the hypothenme and one of the tides, to find Oe other lidt. 
Multiply the aum of the given lines by their dilTerence, and extract the 
aquare root of the product. 

To find the cireian/erenee of a nirele fi-om iit radiae, very nearlg. 
Multiply twice the mdiua, or the diameter, by 3'i4iS9l7, taking a« 
many decimal places as may be thoi^t necessary.' For a rough com- 
putation, multiply by ii and divide by 7. For a very eiact computation, 
in which decimals shall ba avoided, multiply by 355 and divide by iij. 
See (13]), lost example. 

To find &e arc of a eireular reolor, very nearly, knowing the radim 

'a ftiuT>alded agBit, wtilcb hu two ildei panlld, uid twc lidu not psrsDzL 
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and Ihe angle. Tum the angle into ■econdi,* multifdj' bj the ndiiu, 
and diride the pioduct bj 106165. The leault will be the numbei of 

To find the area of a eirele fimt Ut radiue, verji near^, HuUipl; 
the equAie of the rsdim by 3'I4I5J17. 

To find Ihe area iff a eeelor, very nearlf, knowing Ihe radiiu and Ihe 
aagle. Turn the angle into seconds, miUtipl; hj the square of the 
radius, and divide bj 106165x1, or 41153a. 

To find Ihe loiid eonlent i^a reetangnlor pmrallehpiped. Multiply 
together three SMiea irhieh meet : the result is the Dumber of eobic nniti 
req n irri. If the li^ra be not rectanguhu, multiply the bisb of one 
of its planes bj (hs perpendicular distance between it and ita oppolfle 

To find the MaRd emtlent of a pjfravM. Moltiplj' the arek of thii 
base bj the perpendicular let &11 frooi the rertez upon the base, and 

To find the tolid eonleni itf a prim. Mol^ply the scea of the base 
b; the perpendicular distance between the ODpodte baaes. 

To find Ihe lurface qfatphere. Multipl7 4 times the square of the 
radius by 3-141 5917, 

To find Ihe eolid eonleni iff a ijAere. Multiply Ihe cube of the radius 

To find Ihe Murfaee of a right Done. Take half the product of the 
circumference of the base and slanting side. To find the lolid eonlent, 
lake one-third of the product of the base and the altitude. 

To find Ihe mr/aoe of a right eviinder. Multiply the circumftnnue 
ofthe base by the altitude. To find the lolid eonleni, multiply the area 
of the base by the altitude. 

The weight of a body may be found, when its solid content is known, 
if the weight of oue cubic inch or fiiot of the body be known. But it 

• The ilgbl angle is dlrUed In 
m tqusl put! csUed mltuita, ind 
Thui, V IS' 40" ratuu 3 degrees, li 
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a usuni to fiirm t«bl«i, not of thg wdghta of « cnble unit of iilhtent 
bodies, but of ths proportiOQ which tbew weights bear to aoms one 
smongst them. The one chosen is nsuall; distilled water, and the 
proportion just mentioned ii called the ipeeijlii ffraeiti/. Thua, the 
ipeciRc giatitj of gold ii I9'36i, or * cubic foot of gold is tg'iSx times 
aa bearj as a cubic foot of distilled water. Suppoaa nov the weight of 
a ipheie of gold it required, whose radios is 4. inches. The content of 
tbia sphere is 4Ji4x4x4.*i8E8, or aeS'oEjz cubic inches; and since, bj 
(S17), each cubic inch of water weighs i^i\i3 grains, each cubic inch 
of gold weighs I5Z'4S 8k 19*3(1, or 48S3-091 grains; so that 168*0832 
cubic inches of gold w^h 16 8 '0831x48 8 8-091 grains, or 117- pound* 
troy neaitf. Tables of speciBc gravities ma; be found in most works 
of chemistry and pracUcal mecbamca. 

The cubic ibot of water is jo8'8488 troj ounces, 757374 troj pounds, 
997*'3^*9' aierdnpois ounces, and 6i"3iio6o6 aTerdupoia pounds. 
For all rough purposes it will do to consider the cubic font of water aa 
being toco common ounces, which reduces tablea of specific gmTiUcs to 
common terms in an obtious way. Thus, when we read of a substance 
which bos the specific graTitj4'ii7X, we may take it that a cubic foot 
of the ■ubitaoce weighs 41 17 ounces. For greater correctness, diminish 
this result by 3 puts out of a thousand. 
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JAMES WALTON, 

Sooltsinn anti l^uhUe^n to Wmiitnits CoIUge, 

137, GOWER STREET. 

Natural Science, 
THE. ELECTRIC TELEGRAPH. By Dr. 

Lardner. New Edition. Revised and re-written by 
E. a BRifiHT, F.R.A S., Secretary of the British and 
Irish Magnetic Telegraph Company ; containing full 
infoimatioD, in a popular form, of Telegraphs at 
home and abroad, brought up to the present time ; in- 
cluding Descriptions of Railway Signalling Apparatus, 
Clock R^ulating by Electricity, Admiral Kitzroy s System 
of Storm Warning, &c. 140 Illustrations. Small ivo. 
Cheaper Edition, 3s. 6d. doth tettired. 
" tl is capitaJ]]' cdilei] by Mr. Bright, who ha.i succeeded in making 

ihls one of ihe iiKKt readable bcnks eitant on the Electric Teteeniph. 

On the grcund it takes up il ts quile eihauslive ; and he who willcaie- 



HANDBOOK OF ASTRONOMY. By Dr. 
Lardner. Third Edition. Revised and completed to 
t867. By Edwin Dunkin, F.R.A.S, Supetintendenl 
of the Altadmuth Department, Royal Observatory, Green- 
wich. ijSIlluatrations, Small 8vo., 7s. 6d. 



very long since a ler 



natter ciearty be 



referred [0 more than one large and impartant voEuj 
iHit without a decidedly salisfactory resufl. One of ll 

Hai^booh), and that which a Lengthy paragraph in t 



.... Jetely elucidated m a . . ^ 

In the small book. A Thbrl Edition of the well-known HttmOoak 

mou 'usei^'u all "those Jl^ d^ire u^s^» a coin^ei'^laDu^ " 

NATURAL PHILOSOPHY FOR SCHOOLS. 

By Dr. Lardner. 335 Illustrations. Eleventh Thousand, 
Revised and Edited by T. Olver Harding, B.A. Lond., 
of University Collie, London. I Vol. 3s. 6d. 
"This will be a very convenieDt class-bcok Cor Junior students in 
private schools. It is intended V. 
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Natural Science. 

HANDBOOK OF ELECTRICITY, MAGNET- 
ISM. AND ACOUSTICS. By Dr. Lardner. 
Seventh Thousand, Edited by George Carey Foster, 
F.C.S., Fellow of and Profesaor of Physics in University 
College, London. 400 Illustrations. Sinall Svo, 5^. 
" The book could noi have been enmisied lo anyone beutr calculated 

to preserve the terse juid ludd style of l^rdner, while coTTectiag hii 

ledge, 'llie TSk't^ressn" itse^ 10 ^w"ivho,'Jiil^'t''a nrofoSTd 

HANDBOOK OF OPTICS. By Dr. Lardner. 
Sixth Thousand. Edited and Completed (o 1868 by T. 
Olver Harding, B.A., Lond., of University College, 
London. igS Illustrations. Small Svo, js. 

In Dukidg the chflnees necessary to embody the results of modertl 
investigadoii, care has been taken to Tollow as closely as pos^ble the 

character unaltered, aod as nearly as practicable, in the state in whkh, 

HANDBOOK OF MECHANICS. ByDR. Lard- 

NER. Seventh Thousand. 35J Illuslrations, Sm. Svo, $a. 

HANDBOOK OF HYDROSTATICS, PNEU- 
MATICS, AND HEAT. By Dr, Lardner. Seventh 
Thousand. 291 Illustiations, Small Svo, 5s. 
V TheaiBVH Vnliimitfma a Complete Ceurtisf Natural 
Philesafky. 

A FIRST BOOK OF NATURAL PHILO- ■ 

SOPHY; an IntroductioB to the Study of Statics, Dyna- 
mics, Hydrostatics, Optics, and Acoustics, with numerotis 
Examples. Bv Samuel Newth, M,A, Fellow of 
Univeisity College, London. Eleventh Thousand, with 
large additions, itmo, 3s. 6d. 

Y TLoddM, 
■ilent re-wntten. the points 
found to present most difficulty have been sunplified, Iresh toatter has 
been uitroduced and new examples have been added- 

NEWTH'S ELEMENTS OF MECHANICS, 
including Hydrostatics, with numerous Examples, Fourth 
Edition. Small Svo, 8s. fid. 

•••The First Pan contnuu all the subjects in Mechanics and Hydrostatics 
required for the B, A, iiidB,Sc Eiammalionsafthelluivetsilyal'LondaiL 
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Printed for Jantts WalPm, 137, Gmvtr Street. 3 

AN ELEMENTARY TREATISE ON ME- 
CHANICS, for the Use of the Junior Univeraity Students. 
By Richard Potter, A.M., lale Professor of Natural 
Philosophy in University ColleEe. Fourth Edit. 8s. fid. 

POTTER'S TREATISE ON OPTICS. Part I. 
All the re<]u[»te Propositions carried to Fiist Approxima- 
tions, with the construction of Optical Instruments, Third 
Edition. Svo, gs. 6d. 

Part II. The Higher Propositions, with their applica- 
tion to the more perfect forms of Instnimeitts. Svo, lis. 6d. 

POTTER'S PHYSICAL OPTICS; or the Nature 
and Properties of Light. A Descriptive and Experimental 
Treatise. 100 Illustrations. Svo, 6s. fid. 

A GUIDE TO THE STARS. Eight Planispheres, 
showing the Aspect of the Heavensfor every Night. Svo, 5s. 

COMMON THINGS EXPLAINED. By Dionv- 
sius Lardner, D.C.L. Containing : Air — Earth — Pint 
—Water— Time— The Almanack— Clocks and Watchea— 
Spectacles — Color — Kaleidoscope — Pumps — Man — The 
Eye— The Pricling Press- The Potter's Art -Locomotion 
and Transport— The Surface of the Earth. 333 Cuts. 5s. 

STEAM AND ITS USES. By DiONYEiUs Lard- 
ner, D.C.L. 89 Illustrations. 2s. 

POPULAR GEOLOGY. By Dr. Lardner. 201 
Cuts. 29. fid. 

POPULAR ASTRONOMY. By Dr. Lardner. 
Containing ; How to Observe the Heavens— Latitudes and 
Longitudes- The Earth- The Sun — The Moon — The 
Planets : are they Inhabited ! — The New Planets — Lever- 
rier and Adams's Planet— The Tides— Lunar Influences— 
The Stellar Universe— Light— Comets— Cometary Influ- 
ences — Eclipses — Terrestrial Rotation — Lunar Rotation- 
Astronomical Instninients. 182 Illustrations. 4s. fid. 

POPULAR PHYSICS. By Dr. Lardner. 85 
Illustrations. t%. 6d. 

THE MICROSCOPE By Dr. Lardner. 147 

Cuts. IB. 

THE BEE AND WHITE ANTS. Their Man- 
ners and Habits. By Dr. Lardner. 135 Illustrations. 2s. 
•," Theaiaifj Vi>h. ittt/ram Iht " Matam itf Selena rmd Arl." 
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HENRY'S GLOSSARY ■ OF SCIENTIFIC 
TERMS for General Use. izmo, 3s. 6d. 

ta be of much leivice. The dcliniliona are brief, bul an, □evenhelea, 
ufficienlly precise and lofiiciently pkin; aod in all cases the elymoloEiH 
of the terms are traced with care."— A'aiima/ Secitiyi ifmlAly Paftr. 

Chemistiy. 

CHEMISTRY FOR SCHOOLS. An Introduc- 
tion to the Practical Study of Chemistry. By C Haugh- 
TON Gill., Assistant Examiner in Chemistry in the Uni- 
versity of London. 100 Illustralions. Small 8vo., 4s. 6d. 

DR. HOFMANN'S MODERN CHEMISTRY, 

Ejiperimental and Theoretic. Small Sto, 4s. 6d, 
" It is in the truest sen^e an introduction lo cheniislry ; and as such it 
possesses the highest vatue-a value which is equally great to the 

BUNSEN'S GASOMETRY ; comprising the lead- 
ing Physical and Chemical Properties of Gases, with the 
Methods of Gas Analysis. By DR. KoscoB. Sfo, 3s. fid. 

Baron Liebi^s Works. 

^'Ijel^g has buiti up on imperishable foundations, as a coDnecteit 
whole, the code of simple general laws on which regeoeraled a^ricul- 

THE NATURAL LAWS OF HUSBANDRY. 
8ro, los. 6d.— Contents :— The Plant— The Soil— Action 
of Soil on Food of Plants in Manure — Farm- Yard Manure 
^System of Farm- Yard Manuring— Guano— Poudrette — 
Human Excrements — Earthy Phosphates — Ground Rape 
Cake — Wood-Ash — Ammonia and Nitric Add — Common 
Salt— Nitrate of Soda— Salts of Ammonia— Gypsum and 

FAMILIAR LETTERS ON CHEMISTRY, 

in its Relations to Physiolt^, Dietetics, Agricultitrc, 
Commerce, etc. Fourth Edition. Small 8vo, 7s. 6d. 
LETTERS ON MODERN AGRICULTURE. 
Smalt 8vo, 63. 

with the principles which have been established by Chemistry in conoee- 
donwilhihenulrilionDrplants, the conditions of the fertility of sihIs 
and the causes of their eiSauslion."— V^'fum the AulAur'i Pnjaa. 
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In a New and Elegant Binding for a Present. 
In 6 Double Volumes, handsomely bound in cloth, with gold 
Is and red edges, Price £1 is. 



LARDNER'S MUSEUM OF SCIENCE AND 

ART, conUining : — The Planets ; are they inhabited 
Worlds! — Weather Prognostica — Popular Fallacies in 
Questions of Phy^cal Science — Latitudes and Longitudes — 
Lunar Influences — Meteoric Stones and Shooting Stars — 
Railway Accidents — Light — Common Things ; Air — Loco- 
motion in the United States — Cometary Influences — Com- 
mon Things : Water— The Potter's Art— Common Tilings : 
Fire — Locomotion and. Transport, their Influence and 
Progress — The Moon — Common Things : the Earth — The 
Electric Telegraph— Terrralrial Heat— The Sun— Earth- 
quakes and Volcanoes — Barometer, Safety Lamp, and 
Whitworth's Micrometric Apparatus— Steam— The Steam 
Engine — The Eye — The Atmosphere — Time — Common 
Thmgs; Pumps — Common Things : Spectacles, the Kalei- 
doscope — Clocks and Watches — -Microscopic Drawing and 
Engraving — Locomotive — Thermometer — New Planets : 
Leverrier and Adams's Planet — Magnitude and Minuteness 
— Common Things : the Almanack— Optical Images — 
How to Observe the Heavens — Common Thinijs ; the 
Looking-glass— Stellar Universe— The Tides— Colour- 
Common Things : Man — Magnifying Glasses — Instinct 
and Intelligence — The Solar Microscope— The Camera. 
Lucida — The Magic Lantern — The Camera Otiscura — The 
Microscope— The White Ants; their Manners and Habits 
— The Surface of the Earth, or First Notions of Get^raphy 
— Science and Poetry — The Bee — Steam Navigation — 
Electro-Motive Power — Thunder, Lightning, and the Au- 
rora Borealis— The Printing Press— The Crust of the Earth 
— Comets — The Stereoscope — The Pre-Adamite Eaith — 
Eel ipses — Sound. 
■"Hie 'Museum of Science smd Art' is the most valuable conmbudon 
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Popular Physiology. 
ANIMAL PHYSIOLOGY FOR SCHOOLS. 
By Dr. Lardner. With 190 IIlustratioDB. Second 
Edition, i vol. 3s. 6d. 

Professor De Morgan's Works. 

ELEMENTS OF ARITHMETIC. By Augustus 
De Morgan, late Professor of Mathemitics in University 
College, London. EigMeenlh Thousand. Smajt Svo,' 5a. 

FORMAL LOGIC ; or, the Calculus of Inference, 
Necessary and Probable. Svo, 6s. 6d. 

Logic. 

ART OF REASONING r a Popular Exposition 
of the IMnciples of Logic, Inductive and Deductive. By 
Samuel Neil. Crown Svo, 4s. 6d. 

AN INVESTIGATION OF THE LAWS OF 

THOUGHT, on which are founded the Mathematical 
Theories of Logic and Probabilities. By the Late GEORGE 
Boole, LL-D., Professor of Malhema^cs in Queen's 
College, Cork. Bvo, l+s. 

Mathematical Works and Tables. 

NEWTH'S MATHEMATICAL EXAMPLES; 
a Graduated Series of Elementary Examples in Arithmetic, 
Algebra, Logarithms, Trigonometry, and Mechanics. 
Crown 8vo, 83. 6d. 

TABLES OF LOGARITHMS COMMON AND 
TRIGONOMETRICAL TO FIVE PLACES. Under 
the Superintendence of the Society for the Diffusion of 
Useful Knowledge. Fcap. Bvo, is, 6d. 

FOUR-FIGURE LOGARITHMS AND ANTI- 
LOGARITHMS. On a Card, is. 

BARLOWS TABLES OF SQUARES, CUBES, 
SQUARE ROOTS, CUBE ROOTS AND RECIPRO- 
CALS of all Integer Numbers up to 10,000. Royal i2mo,8s. 

LESSONS ON FORM ; an Introducdon to Geo- 
metry, as given in a Pes(alo2zian School, Cheam, Surrey. 
By Charles Reiner. i2mo, 3s. fid. 

able pcfiod. that a Lareer averase number of pupila are bjfHighl ID snidT 
the Mathenutics^with decided success, and that all pursue them in a 
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